Organization and diffusion in biological and material fabrication problems by Mangan, Niall Mari
 Organization and diffusion in biological and material fabrication
problems
 
 
(Article begins on next page)
The Harvard community has made this article openly available.
Please share how this access benefits you. Your story matters.
Citation No citation.
Accessed February 19, 2015 1:33:16 PM EST
Citable Link http://nrs.harvard.edu/urn-3:HUL.InstRepos:11169776
Terms of Use This article was downloaded from Harvard University's DASH
repository, and is made available under the terms and conditions
applicable to Other Posted Material, as set forth at
http://nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-
use#LAA


0SHBOJ[BUJPO BOE EJĎVTJPO JO CJPMPHJDBM BOE
NBUFSJBM GBCSJDBUJPO QSPCMFNT
B EJTTFSUBUJPO QSFTFOUFE
CZ
/JBMM .BSJ .BOHBO
UP
5IF $PNNJUUFF PO )JHIFS %FHSFFT JO 4ZTUFNT #JPMPHZ
JO QBSUJBM GVMGJMMNFOU PG UIF SFRVJSFNFOUT
GPS UIF EFHSFF PG
%PDUPS PG 1IJMPTPQIZ
JO UIF TVCKFDU PG
4ZTUFNT #JPMPHZ
)BSWBSE 6OJWFSTJUZ
$BNCSJEHF .BTTBDIVTFUUT
+VOF 
   /JBMM .BSJ .BOHBO
"MM SJHIUT SFTFSWFE
5IFTJT BEWJTPS .JDIBFM #SFOOFS /JBMM .BSJ .BOHBO
0SHBOJ[BUJPO BOE EJĎVTJPO JO CJPMPHJDBM BOE NBUFSJBM
GBCSJDBUJPO QSPCMFNT
"CTUSBDU
5IJT UIFTJT JT DPNQPTFE PG UXP QSPCMFNT 5IF GJSTU JT B TZTUFNT MFWFM BOBMZTJT PG
UIF DBSCPO DPODFOUSBUJOH NFDIBOJTN JO DZBOPCBDUFSJB 5IF TFDPOE QSFTFOUT B
UIFPSFUJDBM BOBMZTJT PG GFNUPTFDPOE MBTFS NFMUJOH GPS UIF QVSQPTF PG IZQFSEPQJOH
TJMJDPO XJUI TVMGVS 8IJMF UIFTF TZTUFNT BSF WFSZ EJTUBOU UIFZ BSF CPUI SFMFWBOU UP
UIF EFWFMPQNFOU PG BMUFSOBUJWF FOFSHZ 	QSPEVDUJPO PG CJPGVFMT BOE NFUIPET GPS
GBCSJDBUJOH QIPUPWPMUBJDT SFTQFDUJWFMZ
 #PUI QSPCMFNT BSF BQQSPBDIFE UISPVHI
BOBMZTJT PG UIF VOEFSMZJOH EJGGVTJPO FRVBUJPOT
$ZBOPCBDUFSJB BSF QIPUPTZOUIFUJD CBDUFSJB XJUI B VOJRVF DBSCPO
DPODFOUSBUJOH NFDIBOJTN 	$$.
 XIJDI FOIBODFT DBSCPO GJYBUJPO " HSFBUFS
VOEFSTUBOEJOH PG UIJT NFDIBOJTN XPVME PGGFS OFX JOTJHIUT JOUP UIF CBTJD CJPMPHZ
BOE NFUIPET GPS CJPFOHJOFFSJOH NPSF FGGJDJFOU CJPDIFNJDBM SFBDUJPOT 5IF
NPMFDVMBS DPNQPOFOUT PG UIF $$. IBWF CFFO XFMM DIBSBDUFSJ[FE JO UIF MBTU
EFDBEF XJUI HFOFUJD BOBMZTJT VODPWFSJOH CPUI WBSJBUJPO BOE DPNNPOBMJUJFT JO
$$.T BDSPTT DZBOPCBDUFSJB TUSBJOT "OBMZTJT PG $$.T PO B TZTUFNT MFWFM
IPXFWFS JT CBTFE PO NPEFMT GPSNVMBUFE QSJPS UP UIF NPMFDVMBS DIBSBDUFSJ[BUJPO
8F QSFTFOU BO VQEBUFE NPEFM PG UIF DZBOPCBDUFSJB $$. BOE BOBMZUJD TPMVUJPOT
JO UFSNT PG UIF WBSJPVT NPMFDVMBS DPNQPOFOUT 5IF TPMVUJPOT BMMPX VT UP GJOE UIF
QBSBNFUFS SFHJNF 	FYQSFTTJPO MFWFMT DBUBMZUJD SBUFT QFSNFBCJMJUZ PG DBSCPYZTPNF
TIFMM
 XIFSF DBSCPO GJYBUJPO JT NBYJNJ[FE BOE PYZHFOBUJPO JT NJOJNJ[FE
JJJ
4BUVSBUJPO PG 3V#JT$0 NBYJNJ[BUJPO PG UIF SBUJP PG $0 UP 0  BOE TUBZJOH
CFMPX PS BU UIF TBUVSBUJPO MFWFM GPS DBSCPOJD BOIZESBTF BSF BMM OFFEFE GPS
NBYJNVN FGGJDBDZ 5IFTF DPOTUSBJOUT MJNJU UIF QBSBNFUFS SFHJNF XIFSF UIF NPTU
FGGFDUJWF DBSCPO GJYBUJPO DBO PDDVS 5IFSF JT BO PQUJNBM OPOTQFDJGJD
DBSCPYZTPNF TIFMM QFSNFBCJMJUZ XIFSF USBQQJOH PG $0 JT NBYJNJ[FE CVU
)$0− JT OPU EFUSJNFOUBMMZ SFTUSJDUFE 5IF TIFMM BMTP TIJFMET DBSCPOJD BOIZESBTF
BDUJWJUZ BOE $0 → )$0− DPOWFSTJPO BU UIF UIZMBLPJE BOE DFMM NFNCSBOF GSPN
POF BOPUIFS $PMPDBMJ[BUJPO PG DBSCPOJD BOIZESBTF BOE 3V#JT$0 JO B TNBMMFS
WPMVNF SBJTFT UIF DPODFOUSBUJPO PG DBSCPO EJPYJEF BSPVOE 3V#JT$0 CZ TXJUDIJOH
GSPN B SFHJNF XIFSF UIF DBSCPOJD BOIZESBTF JT TBUVSBUFE UP OPOTBUVSBUFE
)ZQFSEPQJOH XJUI GFNUPTFDPOE MBTFST PGGFST B WFSTBUJMF NFUIPE GPS DSFBUJOH
OFXNBUFSJBMT JODMVEJOH TFNJDPOEVDUPS NBUFSJBMT EPQFE BU CFZPOE UIF
FRVJMJCSJVN TPMVCJMJUZ MJNJU 4JMJDPO IZQFSEPQFE XJUI TVMGVS IBT CFFO TIPXO UP
BCTPSC IJHIMZ JO UIF JOGSBSFE SFHJPO )ZQFSEPQFE TJMJDPO BMSFBEZ JT BMSFBEZ VTFE
JO OJHIUWJTJPO JOGSBSFE TFOTPST BOE JT CFJOH FYQMPSFE GPS PUIFS BQQMJDBUJPOT TVDI
BT QIPUPWPMUBJDT #FJOH BCMF UP GJOFMZ UVOF UIF EPQBOU QSPGJMF JO UIF NBUFSJBM XJMM
BMMPX VT UP BDIJFWF NPSF FGGJDJFOU BOE FGGFDUJWF EFWJDFT 5P CFUUFS DPOUSPM UIF
EPQJOH QSPGJMF XF EFWFMPQ B NPEFM XIJDI DPSSFDUMZ SFQSFTFOUT UIF QIZTJDT PG
NFMUJOH PG 4J BOE EJGGVTJPO PG EPQBOU JOUP UIF NBUFSJBM 5IF UIFSNBM BOE TPMVUF
EJGGVTJPO NPEFM QSPEVDFT NFMU EZOBNJDT BOE EPQBOU QSPGJMFT DPOTJTUFOU XJUI
FYQFSJNFOUBM EBUB 8F QSFTFOU UIF SFTVMUT PG OVNFSJDBM TJNVMBUJPOT 8F JEFOUJGZ
UXP EJTUJODU NFDIBOJTNT XIJDI BDDPVOU GPS UIF DIBSBDUFSJTUJD EPQBOU QSPGJMFT JO
FYQFSJNFOUT " DIBOHF JO MBTFS BCTPSQUJPO TVDI UIBU UIF NFMU EFQUI JODSFBTFT PS B
JW
DIBOHF JO UIF NFDIBOJTN PG EPQBOU JOUFHSBUJPO GSPN BO uJOTUBOU TVSGBDF EPTFu UP
B TVSGBDF GMVY DBO CPUI BDDPVOU GPS DIBOHFT JO EPQBOU QSPGJMF XJUI TVCTFRVFOU
MBTFS QVMTFT
W
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WJ
-JTUJOH PG ėHVSFT
 4DIFNBUJD PG UIF DBSCPO DPODFOUSBUJOH NFDIBOJTN JO DZBOPCBD
UFSJB $FMMNFNCSBOFT BSF UIFPVUFSNPTUNFNCSBOF 	JOHSFFOCMBDL

*NNFEJBUFMZ JOTJEF BSF UIF UIZMBLPJENFNCSBOFT XIFSF UIF MJHIU
SFBDUJPOT UBLF QMBDF 	JO HSFFO
 $BSCPYZTPNFT BSF TIPXO BT GPVS
IFYBHPOT FWFOMZ TQBDFE BMPOH UIF DFOUFSMJOF PG UIF DFMM )$0−
USBOTQPSU BDSPTT UIF DFMM NFNCSBOF JT JOEJDBUFE 	JO CMVF
 BT XFMM
BT DPOWFSTJPO GSPN $0 UP )$0
−
 	JO PSBOHF
 #PUI DBSCPO
TQFDJFT DBO MFBL JO BOE PVU PG UIF DFMM $BSCPOJD BOIZESBTF 	PS
BOHF
 BOE 3V#JT$0 	CMVF
 BSF DPOGJOFE UP UIF DBSCPYZTPNFT
BOE GBDJMJUBUF SFBDUJPOT BT TIPXO                  
WJJ
 1IBTF TQBDF GPS )$0− USBOTQPSU BOE DBSCPYZTPNF QFSNFBCJM
JUZ 1MPUUFE BSF UIF QBSBNFUFS WBMVFT BU XIJDI UIF $0 DPODFO
USBUJPO SFBDIFT TPNF DSJUJDBM WBMVF 5IF SFE MJOF 	MFGU NPTU
 JOEJ
DBUFT GPSXIBU WBMVFT PG KD BOE LD UIF$0 DPODFOUSBUJPO JO UIF DBS
CPYZTPNF XPVME TBUVSBUF 3V#JT$0 5IF CMBDL MJOF 	SJHIU NPTU

JOEJDBUFT UIF QBSBNFUFST GPS XIJDI DBSCPOJD BOIZESBTF JT TBUV
SBUFE 5IFCMVF MJOF 	NJEEMF
 JOEJDBUFT UIFQBSBNFUFS WBMVFTXIJDI
XPVME SFTVMU JO B $0 DPODFOUSBUJPO XIFSF  PG BMM 3V#JT$0
SFBDUJPOT BSF DBSCPYZMBUJPO SFBDUJPOT BOE POMZ  BSF PYZHFOB
UJPO SFBDUJPOT XIFO 0 DPODFOUSBUJPO JT Ӊ. )FSF һ = 
TP UIFSF JT OP $0 TDBWFOHJOH PS GBDJMJUBUFE VQUBLF "MM PUIFS QB
SBNFUFST TVDI BT SFBDUJPO SBUFT BSF IFME GJYFE BOE UIF WBMVF DBO
CF GPVOE JO UBCMFT " BOE "                 
 /VNFSJDBM TPMVUJPOT 	TUBST
 DPNQBSFE UP UIF TPMVUJPOT TFU CZ FRVB
UJPO	
 	EBTIFE MJOF
 BOE FRVBUJPOT 	
 BOE 	
 	TPMJE
MJOF
 )$0− USBOTQPSU JT WBSJFE BOE BMM PUIFS TZTUFNQBSBNFUFST
BSFIFME DPOTUBOU 5IFHSFZEBTIFE MJOF TIPX UIF$0 DPODFOUSB
UJPO BU XIJDI 3V#JT$0 JT TBUVSBUFE ,NBY #FMPX B DSJUJDBM WBMVF
PG USBOTQPSU KD ≈ F− UIF MFWFM PG USBOTQPSU JT MPXFS UIBO UIF
)$0− MFBLJOH UISPVHI UIF DFMM NFNCSBOF            
WJJJ
 $PODFOUSBUJPOPG$0 JO UIF DBSCPYZTPNFXJUI WBSZJOH DBSCPYZTPNF
QFSNFBCJMJUZ 	"
 /VNFSJDBM TPMVUJPO 	BTUSJDLT
 BOBMZUJD TPMV
UJPOXJUI DBSCPOJD BOIZESBTF FRVJMJCSBUJOH$0 BOE)$0
−
 	TPMJE
MJOFT
 BOE BOBMZUJD TPMVUJPOXJUI DBSCPOJD BOIZESBTF JT TBUVSBUFE
	EBTIFE MJOFT
 BSF TIPXO 0O BMM QMPUT $0 JT SFE BOE )$0
−

JT CMVF $PODFOUSBUJPO JO UIF DFMM BMPOH UIF SBEJVT S XJUI DBS
CPYZTPNF QFSNFBCJMJUZ LD = F− DNT 	#
 LD = F
− DN
T 	$

LD =  DNT 	%
 (SFZ EPUUFE MJOFT JO 	#
 	$
 	%
 JOEJDBUF MP
DBUJPO PG UIF DBSCPYZTPNF TIFMM CPVOEBSZ 5IF USBOTJUJPO GSPN
MPX $0 BU IJHI QFSNFBCJMJUZ 	%
 UP NBYJNVN$0 DPODFOUSB
UJPO BU PQUJNBM QFSNFBCJMJUZ	$
 PDDVST BU L∗D = %3$ = 
DN
T  3F
TUSJDUJPO PG EJGGVTJPO PG )$0− JOUP UIF DBSCPYZTPNF CFHJOT UP
CFDPNF B QSPCMFN BU LD << L∗D 	#
 'PS BMM TVCQMPUT һ =  DNT
BOE KD = . DNT                            
 1IBTF TQBDF GPS)$0− USBOTQPSU BOE DBSCPYZTPNFQFSNFBCJMJUZ
5IF TBNF DSJUJDBM WBMVFT BSF QMPUUFE BT JO 'JH  XIFO һ =  DNT
	TPMJE MJOFT
 5IF EPUUFE MJOFT TIPX UIF TIJGU XIFO һ =  DNT 
BOE UIFSF JT OPOOFHMJHJCMF $0 TDBWFOHJOH BOE GBDJMJUBUFE VQ
UBLF "MM PUIFS QBSBNFUFST TVDI BT SFBDUJPO SBUFT BSF IFME GJYFE
BOE UIF WBMVF DBO CF GPVOE JO UBCMFT " BOE "        
 4J[F PG UIF )$0− GMVY JO POF DFMM GSPN WBSZJOH TPVSDFT BT UIF
QSPQPSUJPO PG $0 UP )$0
−
 PVUTJEF UIF DFMM DIBOHFT DIBOHFT
8F TIPX SFTVMUT GPS UISFF WBMVFT PG LD BOE POMZ UIF TDBWFOHJOH
JT FGGFDUFE 5PUBM FYUFSOBM JOPSHBOJD DBSCPO JT Ӊ. KD =  DNT
BOE һ,һ = 
DN
T  8IFO UIF DBSCPYZTPNF QFSNFBCJMJUZ JT MBSHFS
UIBO PQUJNBM LD =  DNT  TDBWFOHJOH DBO DPOUSJCVUF NPSF UIBO
GBDJMJUBUFE VQUBLF BU MPX FYUFSOBM $0 DPODFOUSBUJPOT )PXFWFS
XIFO UIF DBSCPYZTPNF QFSNFBCJMJUZ JT PQUJNBM LD = F− DNT 
TDBWFOHJOH JT OFHMJHJCMZ TNBMM 6OMFTT UIFSF JT WFSZ MJUUMF )$0−
JO UIF FOWJSPONFOU )$0− USBOTQPSU TFFNT UP CFNPSF FGGJDJFOU
UIBO $0 GBDJMJUBUFE VQUBLF                    
JY
 $PODFOUSBUJPO PG $0 BDIJFWFE UISPVHI WBSJPVT DFMMVMBS PSHBOJ
[BUJPOT PG FO[ZNFT XIFSFXF IBWF TFMFDUFE UIF)$0− USBOTQPSU
MFWFM TVDI UIBU UIF )$0− DPODFOUSBUJPO JO UIF DZUPTPM JT N.
5IF PYZHFOBUJPO FSSPS SBUFT BT B QFSDFOU PG UPUBM 3V#JT$0 SFBD
UJPOT BSF JOEJDBUFE PO UIF DPODFOUSBUJPO CBST 5IF DFMMVMBS PSHB
OJ[BUJPOT JOWFTUJHBUFE BSF 3V#JT$0 BOE DBSCPOJD BOIZESBTF EJT
USJCVUFE UISPVHIPVU UIF FOUJSF DZUPTPM DPMPDBMJ[JOH 3V#JT$0
BOEDBSCPOJD BOIZESBTFPO B TDBGGPME BU UIF DFOUFS PG UIF DFMMXJUI
PVU B DBSCPYZTPNF TIFMM 3V#JT$0 BOE DBSCPOJD BOIZESBTF FO
DBQTVMBUFE JO B DBSCPYZTPNFXJUI IJHI QFSNFBCJMJUZ BU UIF DFOUFS
PG UIF DFMM BOE3V#JT$0BOEDBSCPOJD BOIZESBTF FODBQTVMBUFE JO
B DBSCPYZTPNFXJUI PQUJNBM QFSNFBCJMJUZ BU UIF DFOUFS PG UIF DFMM
8F TIPX FBDI PG UIFTF DPOGJHVSBUJPOT XJUI һ =  DNT 	MJHIU HSFZ

BOE һ =  DNT 	EBSL HSFZ
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5IF TBNF DSJUJDBM WBMVFT BSF QMPUUFE BT JO 'JH  XIFO һ =  DNT
	TPMJE MJOFT
 5IF HSFZ EPUUFE MJOF TIPXT UIF LD BOE KD WBMVFT
XIFSF UIF )$0− DPODFOUSBUJPO JO UIF DZUPTPM JT N. 5IF
)$0− DPODFOUSBUJPO JO UIF DZUPTPM EPFT OPU WBSZ BQQSFDJBCMZ
XJUI LD BOE SFBDIFT N. BU KD ≈ . DNT  "MM PUIFS QBSBNFUFST
TVDI BT SFBDUJPO SBUFT BSF IFME GJYFE BOE UIF WBMVF DBO CF GPVOE JO
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BU . L+N GPS FBDI TIPU #FMPX  UPSS UIF EPTF EPFT OPU WBSZ BQ
QSFDJBCMZ XJUI QSFTTVSF "U BOE BCPWF  UPSS UIFSF JT ESBNBUJD
JODSFBTF JO EPTF XJUI QSFTTVSF BOE TIPU OVNCFS 6TFE XJUI QFS
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 NFBTVSFNFOU PG UIF
DPODFOUSBUJPO PG TVMGVS JO TJMJDPO XJUI EFQUI "EBQUFE GSPN <> 
Y
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GMVFODF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 BOE OPOMJOFBS BCTPSQUJPO DPFGGJDJFOU
Ҽ = F[N GTL+ ] 5FNQFSBUVSF QSPGJMFT PG NFMUJOH 	U   
 OT
 TFF 'JH  GPS NPSF EFUBJM BOE TPMJEJGJDBUJPO 	U 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 XIFSF UIF JOUFSGBDF
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Ҽ = F[N GTL+ ] 5FNQFSBUVSF QSPGJMFT PG NFMUJOH XIFSF UIF JO
UFSGBDF QPTJUJPO JT NBSLFE JO CMBDL 5IF USBOTJUJPO GSPN NFMUJOH
UP TPMJEJGJDBUJPO IBQQFOT BU U 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BXBZ GSPN UIF TVSGBDF EFFQFS JOUP UIF NBUFSJBM          
 4OBQTIPUT PG UFNQFSBUVSF FWPMVUJPO GSPN TJNVMBUJPO XJUI MBTFS
GMVFODF 1GMVY = .[ L+N ] BOE OPOMJOFBS BCTPSQUJPO DPFGGJDJFOU
Ҽ = F[N GTL+ ] 5FNQFSBUVSF QSPGJMFT BSPVOE UIF UJNF PG USBOTJ
UJPO GSPN NFMUJOH UP TPMJEJGZJOH XIFSF UIF JOUFSGBDF QPTJUJPO JT
NBSLFE JO CMBDL 5IF USBOTJUJPO GSPN NFMUJOH UP TPMJEJGJDBUJPO
IBQQFOT BU U   OT 5IF JOUFSGBDF NPWFT BXBZ GSPN UIF TVS
GBDF EVSJOH NFMUJOH TMPXT TUPQT BU NBYJNVN NFMU EFQUI BOE
CFHJOT UP NPWF CBDL UPXBSET UIF TVSGBDF EVSJOH TPMJEJGJDBUJPO   
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Ҽ = F[N GTL+ ] 5FNQFSBUVSF QSPGJMFT EVSJOH TPMJEJGZJOH XIFSF
UIF JOUFSGBDF QPTJUJPO JT NBSLFE JO CMBDL 5IF JOUFSGBDF NPWFT
UPXBSET UIF TVSGBDF BU MBUFS UJNF                  
YJ
 4VNNBSZ PG NFMUJOH EZOBNJDT GPVOE GSPN TJNVMBUJPO XJUI MBTFS
GMVFODF 1GMVY = .[ L+N ] BOE OPOMJOFBS BCTPSQUJPO DPFGGJDJFOU
Ҽ = F[N GTL+ ] 5IF QPTJUJPO PG UIF TPMJE MJRVJE JOUFSGBDF PWFS UJNF
EFTDSJCFT UIFNFMUJOH EZOBNJDT 5FNQFSBUVSF QSPGJMFT PGNFMUJOH
	SFE JO JOTFU #
 BU U = .[OT] BOE SFTPMJEJGJDBUJPO 	CMVF JO JOTFU
#
 BU U = .[OT] XIFSF UIF JOUFSGBDF QPTJUJPO JT BU I = [ON]
BOE I = [ON] SFTQFDUJWFMZ 5IFNFMU EZOBNJDT JO 	"
 BSF XFMM
EFTDSJCFE CZ UIF UJNF UP NFMU U UIF NFMU EFQUI YN UIF SFTPMJEJ
GJDBUJPO WFMPDJUZ WS BOE UIF NFMU EVSBUJPO UN           
 *OUFSGBDFEZOBNJDT GPS WBSJPVT DPNCJOBUJPOTPG MBTFS GMVFODF1GMVY
BOE OPOMJOFBS BCTPSQUJPO DPFGGJDJFOUT Ҽ 0UIFS QBSBNFUFST BSF
IFME GJYFE BOE BSF XFMM LOPXO TFF UBCMF  8F PCUBJO B WBSJ
FUZ PG TPMJEMJRVJE JOUFSGBDF EZOBNJDT BMM PG XIJDI BSF XFMM DIBS
BDUFSJ[FE CZNFMU EFQUI TPMJEJGJDBUJPO WFMPDJUZ UJNF UP NFMU BOE
NFMU EVSBUJPO                            
 .FMU EFQUI BOE TPMJEJGJDBUJPO WFMPDJUZ SFTVMUJOH GSPN WBSJPVT Ҽ
BOE 1GMVY WBMVFT 5IF TPMJEJGJDBUJPO WFMPDJUZ NVTU CF WS < NT
BOE UIF NFMU EVSBUJPO JT CPVOEFE CZ OT < UN < OT BOE JT
NPTU MJLFMZ UN < OT 5IFSFGPSF XF IBWF B SBOHF Ҽ BOE 1GMVY
WBMVFT XIJDI XJMM HJWF EJGGFSFOU WFMPDJUJFT BOE NFMU EVSBUJPO CVU
QSPEVDF UIF TBNF NFMU EFQUI *G XF BTTVNF  SFGMFDUJPO PG B
FYQFSJNFOUBM GMVFODF 1GMVY = . XF DBO GJOE UIF SBOHF PG OPO
MJOFBS BCTPSQUJPO Ҽ OFFEFE UP QSPEVDF    BOE  ON
NFMU EFQUIT 	SFE EPUT
                       
 4JOHMF TIPU TJNVMBUJPO BU 1GMVY = .[ L+N ] BOE OPOMJOFBS BCTPSQ
UJPO DPFGGJDJFOU Ҽ = F[N GTL+ ] 8F FJUIFS BTTVNF BO JOTUBOU EPTF
JT DPOUBJOFE JO UIF JOUJBM DPOEJUJPO XJUI OP GMVY CPVOEBSZ DPOEJ
UJPO 	EBSL CMVF
 PS BTTVNF OP EPTF JO UIF JOJUJBM DPOEJUJPO BOE
B DPOTUBOU GMVY 	MJHIU CMVF
 #PUI DPODFOUSBUJPO QSPGJMFT DPOUBJO
UIF TBNF JOUFHSBUFE EPTF                      
YJJ
 4JOHMF TIPU TJNVMBUJPOT XJUI WBSZJOH EJGGVTJWF WFMPDJUZ W% "T W%
JODSFBTFT UIF TPMVUF SFKFDUJPO JODSFBTFT DSFBUJOH B MBSHFS VQUVSO
BU UIF TVSGBDF .FMUJOH EZOBNJDT BSF TFU CZ 1GMVY = .[ L+N ] BOE
OPOMJOFBS BCTPSQUJPO DPFGGJDJFOU Ҽ = .F[N GTL+ ] 8F FJUIFS BT
TVNF BO JOTUBOU EPTF JT DPOUBJOFE JO UIF JOJUJBM DPOEJUJPO "MM QSP
GJMFT IBWF UIF TBNF UPUBM EPTF                    
 .VMUJQMF TIPU TJNVMBUJPOT XJUI B TJOHMF JOTUBOU EPTF PO FOUFSJOH
PO UIF GJSTU TIPU .FMUJOH EZOBNJDT BSF TFU CZ1GMVY = .[ L+N ] BOE
OPOMJOFBS BCTPSQUJPO DPFGGJDJFOU Ҽ = F[N GTL+ ]          
 $PODFOUSBUJPO QSPGJMFT GPS JODSFBTJOH NFMU EFQUI 4JNVMBUFE CZ
TPMWJOH UIF TPMVUF EJGGVTJPO POMZ XIFSF UIFNFMU EZOBNJDT BSF BT
TVNFE UP CF B USJBOHVMBS QSPGJMFXJUI JOTUBOUBOFPVTNFMUJOH WBSZ
JOH NFMU EFQUI BOE GJYFE TPMJEJGJDBUJPO WFMPDJUZ PG WS = NT    
 %PUT BSF 4*.4 EBUB HJWJOH UIF DPODFOUSBUJPO QSPGJMFT SFTVMUJOH
GSPN MBTFS JSSBEJBUJPO BU 1 =  UPSS XJUI    BOE  MBTFS
QVMTFT BU . L+N MBTFS GMVFODF -JOFT BSF TJNVMBUJPOT XJUI BO JO
TUBOU EPTF BT UIF JOJUJBM DPOEJUJPO BOE WFSZJOH NFMU EFQUI 5IF
TJNVMBUJPOT POMZ TJNVMBUF UIF TPMVUF EZOBNJDT BOE BTTVNF B USJ
BOHVMBS NFMU QSPGJMF XJUI OFHMJHJCMF NFMUJOH UJNF B TPMJEJGJDBUJPO
WFMPDJUZ PG NT BOEBNFMU EFQUIPG    BOEON 8F SFTDBMF
UIF TJNVMBUJPO UP NBUDI UIF EPTF PG UIF FYQFSJNFOU 4JODF FBDI
TJNVMBUJPO JT POMZ POF TIPU UIF MFOHUI TDBMF PO UIFTF DVSWFT JT JO
DPSSFDU4JODF UIF TIBQF PG UIF DVSWF BU UIF TVSGBDF JTNPTUMZ EFUFS
NJOFE CZ UIF EPTF DPNJOH JO GSPN UIF NPTU SFDFOU TIPU B TJOHMF
TIPU FYQMBJOT UIF CFIBWJPS OFBS UIF TVSGBDF            
 'JU PG TVSGBDF GMVY BOE JOTUBOU EPTF UPNBUDI 4*.4 DPODFOUSBUJPO
QSPGJMFT GPS TIPUT    BOE  BU  UPSS 1FSDFOUBHF PG EPTF
FOUFSFE CZ GMVY BOE JOTUBOU EPTF BSF GPVOE CZ GJUUJOH TJNVMBUJPOT
PG BO JOTUBOU EPTF BOE DPOTUBOU GMVY FYQFSJFODJOH  UP  TIPUT PG
MBTFS JSSBEJBUJPO XIFSF UIF NBHOJUVEF PG UIF DPOTUBOU GMVY BOE
JOTUBOU EPTF BSF GSFF QBSBNFUFST UP CF GJUUFE            
YJJJ
 8F WBSZ UIF MBTFS GMVFODF BOE OPOMJOFBS BCTPSQUJPO DPFGGJDJFOU
UP BOBMZ[F UIF FGGFDU B WBSZJOH TPMJEJGJDBUJPO WFMPDJUZ IBT PO UIF
TPMVUF EZOBNJDT BOE DPOEVDU B GJUUJOH PG UIF JOTUBOU EPTF BOE
DPOTUBOU GMVY )FSF JT UIF QFSDFOUBHF PG EPTF DPNJOH GSPN B GMVY
CPVOEBSZ DPOEJUJPO XJUI FSSPS CBST EFUFSNJOFE CZ GJUUJOH VTJOH
NVMUJQMF JOJUJBM HVFTTFT GPS UIF GJUUJOH 5IFNFMU EFQUI GPS BMM EBUB
JT DIPTFO UP CF  ON 'PS UIF WS = NT EBUB Ҽ = F
 BOE
1GMVY = . L+N−  'PS WS = 
N
T EBUB Ҽ = .F
 BOE 1GMVY =
. L+N−  'PS UIF WS = .
N
T EBUB Ҽ = .F
 BOE 1GMVY = . L+N−  
 %PUT BSF 4*.4 EBUB HJWJOH UIF DPODFOUSBUJPO QSPGJMFT SFTVMUJOH
GSPN MBTFS JSSBEJBUJPO BU 1 = . UPSS XJUI    BOE  MBTFS
QVMTFT BU . L+N MBTFS GMVFODF -JOFT BSF TJNVMBUJPOT XJUI B EPTF
DPNJOH GSPN TVSGBDF GMVY BU UIF GJSTU TIPU XJUI OP JODPNJOH TVM
GVS EVSJOH TVCTFRVFOU TIPUT 5IFNFMUJOH EZOBNJDT BSF DPOTUBOU
CFUXFFO TIPUT XJUI TJNVMBUJPO GMVFODF JT 1GMVY = . L+N BOE OPO
MJOFBS BCTPSQUJPO DPFGGJDJFOU JT Ҽ = .× N GTL+  5P NBUDI UIF
TJNVMBUJPO UP UIF FYQFSJNFOU XF TDBMF UIF GJSTU TIPU PG UIF TJNV
MBUJPO UP NBUDI UIF EPTF GSPN UIF FYQFSJNFOU 8F BMTP TIJGU UIF
TJNVMBUJPO EBUB CZ  ON UP SPVHIMZ BDDPVOU GPS UIF 4*.4 QVTI
EPXO FGGFDU BOE TVSGBDF PYJEF MBZFS                
 %PUT BSF 4*.4 EBUB HJWJOH UIF DPODFOUSBUJPO QSPGJMFT SFTVMUJOH
GSPN MBTFS JSSBEJBUJPO BU 1 = . UPSS XJUI    BOE  MBTFS
QVMTFT BU . L+N MBTFS GMVFODF 5IFNFMUJOH EZOBNJDT BSF DPOTUBOU
CFUXFFO TIPUT XJUI TJNVMBUJPO GMVFODF JT 1GMVY = . L+N BOE OPO
MJOFBS BCTPSQUJPO DPFGGJDJFOU JT Ҽ = . × N GTL+  1FSDFOUBHF
PG EPTF FOUFSFE CZ GMVY BOE JOTUBOU EPTF BSF GPVOE CZ GJUUJOH TJN
VMBUJPOT PG BO JOTUBOU EPTF BOE DPOTUBOU GMVY FYQFSJFODJOH  UP 
TIPUT PG MBTFS JSSBEJBUJPO XIFSF UIF NBHOJUVEF PG UIF DPOTUBOU
GMVY BOE JOTUBOU EPTF BSF GSFF QBSBNFUFST UP CF GJUUFE 8F BMTP
TIJGU UIF TJNVMBUJPOEBUB CZ ON UP SPVHIMZ BDDPVOU GPS UIF4*.4
QVTI EPXO FGGFDU BOE TVSGBDF PYJEF MBZFS             
YJW
'PS NZ GBNJMZ
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"DLOPXMFEHNFOUT
* XPVME MJLF UP UIBOL FWFSZPOF XIP IBT IFMQFE NF JO UIF MBTU GJWF ZFBST * BN
HSBUFGVM UP NZ DPMMFBHVFT DPMMBCPSBUPST GSJFOET BOE GBNJMZ XIP IBWF TVQQPSUFE
NF
* BN HSBUFGVM UP NZ BEWJTPS .JDIBFM #SFOOFS GPS HVJEJOH NF UISPVHI UIF
HSBEVBUF TDIPPM FYQFSJFODF .JDIBFM UBVHIU NF IPX UP CBMBODF XIBU JT
JNQPSUBOU BOE MFBWF UIF SFTU 5IBOL ZPV .JDIBFM GPS ZPVS QBUJFODF FOUIVTJBTN
BOE QSBHNBUJTN 5IF BOTXFS JT XIBU JU JT BOE JU JT FYDJUJOH
* XPVME MJLF UP UIBOL BMM UIF NFNCFST PG UIF #SFOOFS HSPVQ GPS EJTDVTTJPOT
MVODIFT BOE DPOTUSVDUJWF DSJUJDJTN +PFSH 'SJU[ UIBOL ZPV GPS TIBSJOH UIF
FYQFSJFODF BT PGGJDFNBUF BOE GSJFOE 4ISFZBT .BOESF UIBOL ZPV GPS ZPVS BEWJDF
BOE GSJFOETIJQ 5IBOLT UP 4PQIJF .BSCBDI GPS FOUIVTJBTUJDBMMZ HFUUJOH JOWPMWFE
JO UIF GTMBTFS QSPKFDU BOE NBLJOH MBTU NJOVUF GJHVSFT 5PCJBT 4DIOFJEFS DSFBUFE
UIF OVNFSJDBM TJNVMBUJPO GPS UIF GFNUPTFDPOE MBTFS QSPKFDU "HOFTF 4FNJOBSB
"SWJOE.VSVHBO ,BSFO "MJN .BSL )FOMF UIBOL ZPV GPS NBOZ UIF DPOGFSFODF
PS MVODIFPO EJTDVTTJPO BCPVU TDJFODF BOE MJGF
* BN UIBOLGVM GPS CFJOH B QBSU PG UIF DPMMBCPSBUJWF #MBDL 4J DPNNVOJUZ 5IBOLT
BHBJO UP.JDIBFM GPS SFNFNCFSJOH * XBT JOUFSFTUFE JO TPMBS FOFSHZ PVUTJEF PG
QIPUPTZOUIFTJT BOE HJWJOH NF UIF PQQPSUVOJUZ BOE GSFFEPN UP XPSL PO TVDI B
QSPKFDU 3FOFF 4IFS BOE :V5JOH -JO UIBOL ZPV GPS FOUFSUBJOJOH NZ PGUFO OVUUZ
UIFPSJFT * BN HSBUFGVM UP %BO 3FDU +BDPC ,SJDI .JLF "[J[ &SJD .B[VS BOE UIF
YWJ
SFTU PG UIF CMBDL TJMJDPO DPNNVOJUZ GPS EJTDVTTJPO BOE GFFECBDL
* BN HSBUFGVM UP 1BN 4JMWFS GPS BMMPXJOH NF JO BOE PVU PG IFS MBC TQPSBEJDBMMZ
5IBOL ZPV UP.JDIBFM .PPSF BOE %BO 4BWBHF GPS NFOUPSJOH JO FYQFSJNFOUT
EVSJOH NZ UJNF JO MBC "OOB $IFO #SVOP "GBOTP (BJSJL 4BDIEFWB %BOOZ
%VDBU 1BUSJDL #PZMF BOE UIF SFTU PG UIF 4JMWFS -BC XFSF JOEJTQFOTBCMF GPS
EJTDVTTJPOT PO DBSCPYZTPNFT DZBOPCBDUFSJB BOE BMUFSOBUJWF FOFSHZ
* BN JOEFCUFE UP $PMMFFO $BWBOBVHI 1BN 4JMWFS BOE +FSFNZ (VOBXBSEFOB
GPS BO JODSFEJCMZ QMFBTBOU BOE QSPEVDUJWF BEWJTPSZ DPNNJUUFF FYQFSJFODF PWFS
UIF MBTU GPVS ZFBST 5IBOL ZPV UP ,BUJB #FSUPMEJ GPS KPJOJOH NZ EFGFOTF
DPNNJUUFF
5IBOL ZPV UP NZ GSJFOET SPPNNBUFT BOE GBNJMZ GPS JODSFEJCMF TVQQPSU * GFFM
MVDLZ UP IBWF CFFO QBSU PG B TZTUFNT CJPMPHZ DPIPSU XIP BSF OPU POMZ HSFBU
TDJFOUJTUT CVU B DPNNVOJUZ 5IBOL ZPV +PIO "OJ BOE #SBE GPS CFJOH BO
BXFTPNF IPVTFIPME +FTTJF UIBOL ZPV GPS CFJOH UIFSF XIFO * OFFEFE TPNFPOF
UP UBML UP +BNFT UIBOL ZPV BOE NVDI MPWF " CJH UIBOL ZPV UP NZ QBSFOUT GPS BMM
UIF MPWF BOE UIF XFFLMZ QIPOF DBMMT TQBUUFSFE XJUI BEWJDF BOE VOEFSTUBOEJOH
"DLOPXMFEHNFOU PG 'VOEJOH
5IJT SFTFBSDI XBT GVOEFE CZ BO /4' HSBEVBUF GFMMPXTIJQ BOE B -ZODI
'FMMPXTIJQ
YWJJ
1
4ZTUFNT BOBMZTJT PG UIF DBSCPO
DPODFOUSBUJOHNFDIBOJTN JO
DZBOPCBDUFSJB
 *OUSPEVDUJPO
$ZBOPCBDUFSJB BSF PG JOUFSFTU BT NPEFM PSHBOJTNT GPS QIPUPTZOUIFTJT BT XFMM BT B
DIBTTJT GPS TZOUIFTJT PG QSPEVDUT JODMVEJOH CJPGVFMT < > 4USJLJOHMZ UIF
QSJODJQBM SFBDUJPO PG UIF $BMWJO DZDMF UIF 3V#JT$0 DBUBMZ[FE GJYBUJPO PG $0
JOUP QIPTQIPHMZDFSBUF PDDVST JO TNBMM ON DPNQBSUNFOUT DBMMFE
DBSCPYZTPNFT < > 5IFSF JT NVDI JOUFSFTU JO UIF GVODUJPO PG UIFTF
DPNQBSUNFOUT BOE XIFUIFS UIFZ DBO CF VTFE UP FOIBODF SFBDUJPO SBUFT JO PUIFS
NFUBCPMJD TZTUFNT <  >

5IF DBSCPO DPODFOUSBUJOH NFDIBOJTN 'JH  DBO SBJTF JOUFSOBM JOPSHBOJD
DBSCPO DPODFOUSBUJPO UP BSPVOE  N. VQ UP GPME IJHIFS UIBO FYUFSOBM
MFWFMT < > BMMPXJOH UIF DFMM UP PWFSDPNF UIF TMPX BOE PYZHFO TFOTJUJWF
3V#JT$0 <>  " NVDI MPXFS $0 DPODFOUSBUJPO BSPVOE  ϼ. TBUVSBUFT
UIF  BDUJWF TJUFT PG 3V#JT$0 GPVOE JO B DBSCPYZTPNF UIVT UIF FYUSB $0
DBOOPU JNQSPWF UIF SBUF PG TVHBS QSPEVDUJPO CZ QSPWJEJOH NPSF TVCTUSBUF GPS
GJYBUJPO 3V#JT$0 DPNQFUJUJWFMZ CJOET XJUI CPUI $0 BOE PYZHFO BOE UIF
SFBDUJPO XJUI PYZHFO QSPEVDFT QIPTQIPHMZDPMBUF B XBTUF QSPEVDU XIJDI NVTU CF
SFDZDMFE CZ UIF DFMM <  > #Z FMFWBUJOH UIF DPODFOUSBUJPO PG $0 UIF SBUJP
PG $0 UP PYZHFO JT JODSFBTFE BOE UIF $0 SFBDUJPO EPNJOBUFT
5IF DPODFOUSBUJOH NFDIBOJTN JO DZBOPCBDUFSJB SFMJFT PO UIF JOUFSBDUJPO PG B
OVNCFS PG XFMM DIBSBDUFSJ[FE DPNQPOFOUT USBOTGFSSJOH DBSCPO QPPMT PVUTJEF UIF
DFMM JOUP DBSCPYZTPNFT <   >  3V#JT$0 DBO POMZ VUJMJ[F $0 GPS
DBSCPYZMBUJPO IPXFWFS UIF CJMJQJE DFMM NFNCSBOF JT IJHIMZ QFSNFBCMF UP TNBMM
VODIBSHFE NPMFDVMFT NBLJOH JU EJGGJDVMU UP BDDVNVMBUF B MBSHF QPPM PG $0
< > 5P DJSDVNWFOU UIJT UIF DFMM BDDVNVMBUFT UIF IZESBUFE GPSN)$0− 
XIJDI JT NVDI MFTT NFNCSBOF TPMVCMF PXJOH UP JUT FMFDUSPTUBUJD DIBSHF 5IF
CJDBSCPOBUF JT UIFO DPOWFSUFE UP $0 OFBS 3V#JT$0 CZ UIF FO[ZNF DBSCPOJD
BOIZESBTF XIJDI JT MPDBMJ[FE PO UIF JOUFSJPS TJEF PG UIF DBSCPYZTPNF TIFMM
<   > 5IF SFMBUJWF QSPQPSUJPO PG )$0− BOE $0 JO FRVJMJCSJVN BSF
Q) EFQFOEFOU )PXFWFS FYQFSJNFOUT FYQSFTTJOH FYPHFOPVT DBSCPOJD BOIZESBTF
JOTJEF UIF DZUPQMBTN TIPXFE BO FOPSNPVT FGGMVY PG DBSCPO EJPYJEF GSPN DFMMT
JOEJDBUJOH UIBU CJDBSCPOBUF JT IFME PVU PG DIFNJDBM FRVJMJCSJVN JO IJHI
DPODFOUSBUJPO <> " WBSJFUZ PG BDUJWF USBOTQPSUFST CPUI DPOTUJUVUJWF BOE
JOEVDJCMF CSJOH )$0− JOUP UIF DFMM <  > 5IFSF BSF BMTP NFDIBOJTNT
SFGFSSFE UP BT GBDJMJUBUFE $0 VQUBLF NFDIBOJTNT PS $0 TDBWFOHJOH
NFDIBOJTNT XIJDI BDUJWFMZ DPOWFSU $0 UP )$0
−
 BU UIF UIZMBLPJE BOE DFMM
NFNCSBOF <  > 5JNF DPVSTF NFBTVSFNFOUT PG FYUFSOBM DBSCPO EJPYJEF
DIBOHFT VTJOH B NBTT TQFDUSPNFUFS IBWF NFBTVSFE FYUFSOBM PS BHHSFHBUF DBSCPO
GMVYFT < > 4JODF )$0− JT IFME PVU PG FRVJMJCSJVN JO UIF DFMM <> JUT
DPOWFSTJPO UP $0 JO UIF DBSCPYZTPNF SFTVMUT JO MPDBM QSPEVDUJPO PG $0 OFBS

3V#JT$0 4VCTFRVFOUMZ 3V#JT$0 DBUBMZ[FT UIF SFBDUJPO PG DBSCPO EJPYJEF XJUI
SJCVMPTFCJTQIPTQIBUF UP QSPEVDF QIPTQIPHMZDFSJD BDJE 8IFO UIF
DBSCPOJD BOIZESBTF BTTPDJBUFE XJUI UIF DBSCPYZTPNF XBT LOPDLFE PVU PS UIF
DBSCPYZTPNFT BSF LOPDLFE PVU PS CSPLFO DFMMT OFFE IJHI DBSCPO EJPYJEF MFWFMT
UP HSPX <>
5IF GVODUJPO PG UIF TZTUFN BOE JUT BCJMJUZ UP DPODFOUSBUF DBSCPO EFQFOE PO UIF
JOUFSQMBZ CFUXFFO UIF WBSJPVT NPMFDVMBS DPNQPOFOUT UIBU NBLF VQ UIF DBSCPO
DPODFOUSBUJOH NFDIBOJTN UIF SBUFT PG CJDBSCPOBUF USBOTQPSUFST UIF DBSCPOJD
BOZESBTF BDUJWJUZ UIF GVODUJPO BOE FGGFDU PG UIF DBSCPYZTPNF TIFMM BOE UIF
FO[ZNBUJD DPOWFSTJPO PG $0 UP )$0
−
 BMM JOGMVFODF UIF DBSCPO DPODFOUSBUJOH
NFDIBOJTN 'SPN GMVY NFBTVSFNFOUT BMPOF JU JT JNQPTTJCMF UP EFUFSNJOF UIF
SFMBUJWF SPMFT PG UIFTF EJGGFSFOU DPNQPOFOUT BOE JOUFSQSFUBUJPOT SFMZ PO B NPEFM
5P EBUF JU IBT OPU CFFO QPTTJCMF UP EJSFDUMZ NFBTVSF UIF DPODFOUSBUJPO PG UIF
JOUFSOBM DBSCPO QPPM JO UIF DBSCPYZTPNFT GSPN UIF DZUPTPM 'PS UIFTF SFBTPOT
UIF QSFDJTF GVODUJPO BOE FGGFDU PG UIF WBSJPVT DPNQPOFOUT JT TUJMM EFCBUFE
7JTVBMJ[BUJPOT PG UIF MPDBUJPO PG UIF DBSCPYZTPNFT TIFMM BOE 3V#JT$0XJUI
GMPSFTDFOU QSPUFJOT JO 4 FMPOHBUVT 1$$ EFNPOTUSBUFE UIBU UIF
DBSCPYZTPNFT BSF MPDBUFE BMPOH UIF DFOUFSMJOF PG UIF DFMM BOE BSF IFME SJHJEMZ
TFQBSBUFE GSPN POF BOPUIFS BU B TQBDJOH XIJDI TDBMFT XJUI UIF MFOHUI PG UIF DFMM
<> (JWFO UIF JNQPSUBODF PG UIFTF DPNQBSUNFOUT GPS DBSCPO GJYBUJPO XF
JOWFTUJHBUF XIFUIFS UIF TQBUJBM PSHBOJ[BUJPO PG UIF DBSCPYZTPNFT XJUIJO UIF DFMM
BGGFDUT UIFJS GVODUJPO JO UIF DBSCPO DPODFOUSBUJOH NFDIBOJTN
5IF HPBM PG UIJT DIBQUFS JT UP EFWFMPQ B NBUIFNBUJDBM NPEFM PG UIF DBSCPO
DPODFOUSBUJOH NFDIBOJTN UIBU BMMPXT QSFEJDUJOH UIF SFHJPO PG QBSBNFUFS TQBDF
XIFSF DBSCPO GJYBUJPO JT FGGJDJFOU &GGJDJFOU DBSCPO GJYBUJPO SFRVJSFT UXP NBJO
JOHSFEJFOUT 'JSTU UIF JOUFSOBM DBSCPO DPODFOUSBUJPO NVTU CF IJHI FOPVHI UIBU
3VCJTDP JT TBUVSBUFE BOE UIF DPNQFUJUJWF SFBDUJPO XJUI 0 JT OFHMJHJCMF
4FDPOEMZ UIF DBSCPOJD BOIZESBTF XJUIJO UIF DBSCPYZTPNF NVTU CF VOTBUVSBUFE
TP UIBU FYUSB FOFSHZ JTOU XBTUFE USBOTQPSUJOH VOVTFE )$0− JOUP UIF DFMM
&YBNJOJOH UIF QFSGPSNBODF PG UIF TZTUFN XJUI SFTQFDU UP UIF FYQSFTTJPO MFWFMT PG

6B;m`2 RXRXR, a+?2KiB+ Q7 i?2 +`#QM +QM+2Mi`iBM; K2+?MBbK
BM +vMQ#+i2`BX *2HH K2K#`M2b `2 i?2 Qmi2` KQbi K2K#`M2 UBM
;`22Mf#H+FVX AKK2/Bi2Hv BMbB/2 `2 i?2 i?vHFQB/ K2K#`M2b r?2`2 i?2 HB;?i
`2+iBQMb iF2 TH+2 UBM ;`22MVX *`#QtvbQK2b `2 b?QrM b 7Qm` ?2t;QMb
2p2MHv bT+2/ HQM; i?2 +2Mi2`HBM2 Q7 i?2 +2HHX )$0− i`MbTQ`i +`Qbb i?2 +2HH
K2K#`M2 Bb BM/B+i2/ UBM #Hm2V- b r2HH b +QMp2`bBQM 7`QK $0 iQ )$0−
UBM Q`M;2VX "Qi? +`#QM bT2+B2b +M H2F BM M/ Qmi Q7 i?2 +2HHX *`#QMB+ M@
?v/`b2 UQ`M;2V M/ _m"Bb*P U#Hm2V `2 +QM}M2/ iQ i?2 +`#QtvbQK2b M/
7+BHBii2 `2+iBQMb b b?QrMX
)$0− USBOTQPSUFST UIF DBSCPYZTPNF QFSNFBCJMJUZ BOE DPOWFSTJPO GSPN $0
UP )$0−  SFWFBMT B SFHJPO PG QBSBNFUFS TQBDF XIFSF CPUI PG UIFTF DPOEJUJPOT BSF
TBUJTGJFE 1SFWJPVT NBUIFNBUJDBM NPEFMT IBWF SFQSFTFOUFE UIF FGGFDUT PG DBSCPO
GJYBUJPO GPS POMZ B TJOHMF TFU PG QBSBNFUFST XIJDI JT MFTT VTFGVM TJODF NBOZ PG UIF
QBSBNFUFST BSF FJUIFS VOLOPXO 	JF DBSCPYZTPNF QFSNFBCJMJUZ
 PS VOEFS
QIZTJPMPHJDBM DPOUSPM 	JF OVNCFS PG BDUJWF )$0− USBOTQPSUFST
 <  >
)BWJOH GPVOE UIF QBSBNFUFS TQBDF XIFSF DBSCPO GJYBUJPO XJMM CF PQUJNBM XF

DBO DPNNFOU PO UIF SFMBUJPO PG UIJT TQBDF UP NFBTVSFE DBSCPO QPPMT 8F BMTP
EJTDVTT UIF IPXNVDI PG UIF DBSCPO DPODFOUSBUJPO DPNFT GSPN EJGGFSFOU
NFUIPET PG TQBUJBM PSHBOJ[BUJPO TVDI BT DPMPDBMJ[BUJPO FODBQTVMBUJPO BOE
TQBUJBM MPDBUJPO PG DBSCPYZTPNFT
 3FBDUJPO EJĎVTJPONPEFM
0VS NPEFM PG UIF DBSCPO DPODFOUSBUJOH NFDIBOJTN TPMWFT GPS CPUI UIF )$0− 
BOE $0 DPODFOUSBUJPO UISPVHIPVU UIF DFMM BOE UIF DBSCPYZTPNF 8F JODMVEF
UIF FGGFDUT PG EJGGVTJPO BDUJWF USBOTQPSU BOE MFBLBHF UISPVHI UIF DFMM NFNCSBOF
BOE SFBDUJPOT XJUI DBSCPOJD BOIZESBTF BOE 3V#JT$0 5IF IZESBUJPO BOE
EFIZESBUJPO PG $0 BOE )$0
−
 XJUIPVU FO[ZNBUJD BDUJWJUZ BSF DPNQBSBUJWFMZ
QSPDFTTFT BOE DBO CF TBGFMZ JHOPSFE
*O SFHJPOT XJUI DBSCPOJD BOIZESBTF BDUJWJUZ UIF FRVBUJPOT HPWFSOJOH UIF
)$0− ) BOE $0 $ BSF
∂U$ = %∇$+ 3$" − 33VC 	

∂U) = %∇)− 3$", 	

XIFSF IFSF% JT UIF EJGGVTJPO DPOTUBOU BOE 3$" JT UIF DBSCPOJD BOIZESBTF
SFBDUJPO BOE 33VC JT UIF 3V#JT$0 SFBDUJPO 5IF DBSCPOJD BOIZESBTF SFBDUJPOT
DBO CF XSJUUFO VTJOH SFWFSTJCMF .JDIBFMJT.FOUFO LJOFUJDT < >
3$" (),$) =
7CB,DB)− 7DB,CB$
,CB,DB + ,DB)+ ,CB$
	

)FSF 7DB BOE 7CB BSF UIF NBYJNVN IZESBUJPO BOE EFIZESBUJPO SBUFT BOE,DB BOE
,CB BSF UIF DPODFOUSBUJPO BU XIJDI IZESBUJPO BOE EFIZESBUJPO BSF IBMG NBYJNVN
*O SFHJPOT PG UIF DFMM XIFSF UIFSF JT OP DBSCPOJD BOIZESBTF 3$" =  BOE UIFSF JT
POMZ EJGGVTJPO PG $0 BOE )$0
−
 
5IF 3V#JT$0 SFBDUJPO DBO CF EFTDSJCFE VTJOH.JDIBFMJT.FOUFO LJOFUJDT

XJUI DPNQFUJUJWF CJOEJOH XJUI 00
33VC =
7NBY$
$+ ,N
	

,N = ,′N(+
0
,J
) 	

)FSF 7NBY JT UIF NBYJNVN SBUF PG DBSCPO GJYBUJPO CZ 3V#JT$0 BOE ,N JT UIF
BQQBSFOU IBMG NBYJNVN DPODFOUSBUJPO WBMVF XIJDI IBT CFFO NPEJGJFE UP JODMVEF
DPNQFUJUJWF CJOEJOH XJUI 0 ,J JT UIF EJTBTTPDJBUJPO DPOTUBOU PG0 XJUI UIF
3V#JT$0 BOE ,′N JT UIF IBMG NBYJNVN DPODFOUSBUJPO XJUI OP0 QSFTFOU
8F NVTU TVQQMFNFOU UIF FRVBUJPOT XJUI CPVOEBSZ DPOEJUJPOT XIJDI USFBU UIF
DBSCPO GMVYFT JOUP UIF DFMM BT XFMM BT UIF USBOTGFS BDSPTT UIF DBSCPYZTPNF
CPVOEBSZ 'PS UIF PVUFS CPVOEBSZ XF USFBU UIF DBSCPO GMVYFT BU DFMM BOE
UIZMBLPJE NFNCSBOFT UPHFUIFS 5IFSF BSF NVMUJQMF BDUJWF )$0− USBOTQPSUFST
#$5 JT UIPVHIU UP CF FOFSHJ[FE CZ "51 4CU" JT UIPVHIU UP CF B TZNQPSUFS
CFUXFFO )$0− BOE /B XIJDI JT ESJWFO CZ UIF IJHIMZ DPOUSPMMFE
FMFDUSPDIFNJDBM HSBEJFOU GPS /B <  > 8F DBO XSJUF UIF UPUBM GMVY
WFMPDJUZ KD BT B DPNCJOBUJPO PG UIF GMVY GSPN BMM UZQFT PG USBOTQPSUFST
KD = K#$5 + K4CU" 5IFSF BSF UXP DPNQMFYFT /%) BOE /%) SFTQPOTJCMF
GPS DPOWFSUJOH $0 UP )$0
−
  5IFZ BSF UIPVHIU UP CF MPDBMJ[FE UP UIF UIZMBLPJE
BOE QMBTNB NFNCSBOF SFTQFDUJWFMZ BOE IBWF CFFO MJOLFE UP UIF QIPUPTZOUIFUJD
MJOFBS BOE DZDMJD FMFDUSPO DIBJO <  > 8F DBO EFTDSJCF UIFJS BDUJWJUZ XJUI B
NBYJNBM SFBDUJPO SBUF PG һ BOE DPODFOUSBUJPO PG IBMG NBYJNBM BDUJWJUZ PG ,һ *O
BEEJUJPO UP BDUJWF QSPDFTTFT BU UIF DFMM NFNCSBOF $0 BOE )$0
−
 DBO CPUI MFBL
PVU 5IF WFMPDJUZ PG $0 DSPTTJOH UIF DFMM NFNCSBOF L$N JT BCPVU  GPME
MPXFS UIBO UIBU GPS )$0−  L)N EVF UP UIF MPXFS QFSNFBCJMJUZ PG UIF NFNCSBOF UP
DIBSHFE NPMFDVMFT 5IFTF DPNQPOFOUT EFGJOF UIF CPVOEBSZ DPOEJUJPO GPS
CJDBSCPOBUF BOE DBSCPO EJPYJEF BU UIF DFMM NFNCSBOF
%∂$
∂S
= − һ$DZUPTPM
,һ + $DZUPTPM
+ L$N
(
$PVU − $DZUPTPM
)
	


%∂)
∂S
= KD)PVU+
һ$DZUPTPM
,һ + $DZUPTPM
+ L)N
(
)PVU − )DZUPTPM
) 	

)FSF UIF TVCTDSJQU DZUPTPM BOE PVU JOEJDBUF XF BSF UBLJOH UIF DPODFOUSBUJPO
JNNFEJBUFMZ JOTJEF BOE PVUTJEF UIF DFMM NFNCSBOF SFTQFDUJWFMZ
6OMJLF UIF PVUFS DFMM NFNCSBOF XIJDI JT B MJQJE CJMBZFS UIF DBSCPYZTPNF TIFMM
JT B DPNQPTFE PG QSPUFJOT 5IF TUSVDUVSF PG UIF DBSCPYZTPNF IBT CFFO
DIBSBDUFSJ[FE UISPVHI DSZTUBMMJ[BUJPO FYQFSJNFOUT <  > 8IJMF UIFSF JT
NVDI TQFDVMBUJPO UIBU UIF QPTJUJWFMZ DIBSHFE QPSFT NBZ BDU TFMFDUJWFMZ UPXBSET
NPMFDVMFT XJUI OFHBUJWF DIBSHF <  > XF XJMM BTTVNF B TJOHMF QFSNFBCJMJUZ
GPS BMM TNBMM NPMFDVMFT 8F EFTDSJCF UIF SBUF PG SFTUSJDUFE EJGGVTJPO BDSPTT UIF
DBSCPYZTPNF TIFMM CZ B DIBSBDUFSJTUJD WFMPDJUZ LD 'SPN BWBJMBCMF DSZTUBM
TUSVDUVSFT XF DBO TFU BO VQQFS CPVOE PO UIJT WBMVF BT
LD <
%"QPSF
M4DBSCPYZTPNF
(/QPSFT) ≈ .DNT 	

)FSF % JT UIF EJGGVTJPO DPOTUBOU "QPSF JT UIF TVSGBDF BSFB PG B QPSF M JT UIF
UIJDLOFTT PG UIF DBSCPYZTPNF TIFMM PS MFOHUI PG B QPSF 4DBSCPYZTPNF JT UIF TVSGBDF
BSFB PG B DBSCPYZTPNF BOE/QPSFT JT UIF OVNCFS PG QPSFT JO B DBSCPYZTPNF
5IFTF QBSBNFUFST IBWF CFFO GPVOE GSPN UIF DSZTUBMMJ[BUJPO FYQFSJNFOUT BOE
UIFPSFUJDBM DBSCPYZTPNF TUSVDUVSFT BOE UIFJS WBMVFT BSF TIPXO JO 5BCMF 
5IF CPVOEBSZ DPOEJUJPOT UIBU DPOOFDU UIF FRVBUJPOT JO UIF DZUPTPM BOE
DBSCPYZTPNF BSF
%∂$
∂S
= LD($DZUPTPM − $DBSCPYZTPNF) 	

%∂)
∂S
= LD()DZUPTPM − )DBSCPYZTPNF). 	

5IF TVCTDSJQUT DZUPTPM BOE DBSCPYZTPNF JOEJDBUF XF BSF UBLJOH UIF

h#H2 RXkXR, *`#QtvbQK2 b?2HH ;2QK2i`v- mb2/ iQ +H+mHi2  +`#QtvbQK2
T2`K2#BHBiv (8N- ee)X
TZNCPM WBMVF
EJBNFUFS PG QPSF EQPSF . ON
BSFB PG QPSF "QPSF = Ӎ(EQPSF )
 . ON
UIJDLOFTT PG TIFMM M . ON
OVNCFS PG QPSFT /QPSFT , 
SBEJVT PG DBSCPYZTPNF 3D  ON
TVSGBDF BSFB PG DBS
CPYZTPNF
4DBSCPYZTPNF = Ӎ3D .×  ON
DPODFOUSBUJPO JNNFEJBUFMZ PO FJUIFS TJEF PG UIF DBSCPYZTPNF TIFMM 5IJT
EFTDSJQUJPO BMMPXT VT UP EFUFSNJOF IPX UIF QFSNFBCJMJUZ DIBSBDUFSJ[FE CZ
WFMPDJUZ LD BGGFDUT UIF $$.XJUIPVU BOZ TQFDJBM TFMFDUJWJUZ
 "OBMZTJT PG NPEFM 'JOEJOH GVODUJPOBM QBSBNFUFS TQBDF
8F OFFE UP TPMWF UIFTF FRVBUJPOT BT B GVODUJPO PG UIF QBSBNFUFST UP GJOE UIF
SFHJNF XIFSF FGGJDJFOU DBSCPO GJYBUJPO PDDVST 8F GJOE UIF GVODUJPOBM
SFMBUJPOTIJQ CFUXFFO UIF $0 BOE )$0
−
 DPODFOUSBUJPO BOE BMM DPNQPOFOUT PG
UIF DBSCPO DPODFOUSBUJOH NFDIBOJTN BU TUFBEZ TUBUF 8F BOBMZ[F UIJT TZTUFN JO
TQIFSJDBM DPPSEJOBUFT BTTVNJOH B TQIFSJDBM DFMM PG SBEJVT 3C BOE B TJOHMF
TQIFSJDBM DBSCPYZTPNF XJUI SBEJVT 3D DPOUBJOJOH 3V#JT$0 BOE DBSCPOJD
BOIZESBTF 8F OVNFSJDBMMZ BOE BOBMZUJDBMMZ TPMWF FRVBUJPOT 	
 UISPVHI 	

BU TUFBEZ TUBUF JO UIF HFPNFUSZ EFTDSJCFE BCPWF 8F GPDVT PO UIF )$0−
USBOTQPSU DBSCPYZTPNF QFSNFBCJMJUZ BOE $0 TDBWFOHJOH PS GBDJMJUBUFE VQUBLF
$DBSCPYZTPNF ='(KD, LD, һ,,һ). 	

"MM QMPUT BSF TIPXO XJUI PUIFS QBSBNFUFST JODMVEJOH FO[ZNBUJD SBUFT DFMM
NFNCSBOF QFSNFBCJMJUZ BOE EJGGVTJPO DPOTUBOU USFBUFE BT DPOTUBOU 8F IBWF
BOBMZUJD TPMVUJPOT GPS BMM CFIBWJPST TP XF DPVME BMTP FYQMPSF IPX DIBOHJOH UIFTF

WBMVFT DIBOHFT UIF CFIBWJPS )PXFWFS )$0− USBOTQPSU BOE $0 UP )$0
−

DPOWFSTJPO BSF SFHVMBUFE CZ UIF PSHBOJTN BOE WBSZ EFQFOEJOH PO FOWJSPONFOUBM
DPOEJUJPOT $BSCPYZTPNF QFSNFBCJMJUZ JT VOLOPXO BOE UIFSF JT NVDI
EJTDVTTJPO BCPVU JUT QPUFOUJBM WBMVF BOE CFOFGJUT 8F IBWF UIFSFGPSF DIPTFO UIFTF
BT UIF NPTU JOUFSFTUJOH QBSBNFUFST UP FYQMPSF
8F GJSTU EFGJOF UIF SBOHF PG WBMVFT GPS )$0− USBOTQPSU KD DBSCPYZTPNF
QFSNFBCJMJUZ LD XIFSF UIF DBSCPO DPODFOUSBUJOH NFDIBOJTN JT NPTU FGGFDUJWF
5IF SFTVMUJOH $0 MFWFM JO UIF DBSCPYZTPNF TIPVME CF BCPWF 3V#JT$0
TBUVSBUJPO MFWFMT IJHI FOPVHI UP SFEVDF UIF 0 TJEF SFBDUJPOT BT NVDI BT
QPTTJCMF 8F DBO TFU BO VQQFS CPVOE PO UIF DPODFOUSBUJPO PG )$0 BT UIF MFWFM
BU XIJDI JU XJMM TBUVSBUF DBSCPOJD BOIZESBTF 8IFO DBSCPOJD BOIZESBTF JT
TBUVSBUFE JU DBOOPU QSPEVDF $0 GBTUFS UIBO UIF DPOTUBOU NBYJNVN SBUF BOE
BOZ FYDFTT FOFSHZ TQFOU CSJOHJOH )$0− JOUP UIF DFMM JT XBTUFE 5IF SBOHF PG
)$0− USBOTQPSU BOE DBSCPYZTPNF QFSNFBCJMJUZ XIJDI XJMM QSPEVDF )$0
−
 BOE
$0 DPODFOUSBUJPOT CFUXFFO UIFTF DPOTUSBJOUT TIPXO JO 'JH  8F XJMM MBUFS
FYQMPSF UIF FGGFDUT PG $0 UP )$0
−
 DPOWFSTJPO
8F XJMM OPX FYBNJOF POF QBSBNFUFS BU B UJNF UP TIPX IPX UIF QBSBNFUFS
SBOHFT TIPXO JO 'JH  BSF GPVOE 8F PCTFSWF IPX UIF DPODFOUSBUJPO PG $0
BOE )$0− JO UIF DBSCPYZTPNF DIBOHF BT UIF )$0
−
 USBOTQPSU WBSJFT 7BSZJOH
)$0− USBOTQPSU KD FGGFDUJWFMZ QSPCFT UIF SFTQPOTF PG UIF SFTU PG UIF DBSCPO
DPODFOUSBUJOH NFDIBOJTN UP WBSZJOH BNPVOUT PG )$0− XIFO BDUJWF )$0
−

VQUBLF JT UIF NBJO TPVDF PG JOPSHBOJD DBSCPO 5IF TZTUFN IBT WBSZJOH SFTQPOTFT
BT UIF MFWFM PG JOPSHBOJD DBSCPO TBUVSBUFT 3V#JT$0 BOE DBSCPOJD BOIZESBTF 'JH
 TIPXT UIF CFIBWJPST PG UIF $0 BOE )$0
−
 DPODFOUSBUJPO "U SFMBUJWFMZ
MPX MFWFMT PG )$0− USBOTQPSU $0 BOE )$0
−
 IBWF B DPOTUBOU SBUJP TFU CZ UIF
DIFNJDBM FRVJMJCSJVN "U IJHIFS MFWFMT DBSCPOJD BOIZESBTF JT TBUVSBUFE $0 OP
MPOHFS JODSFBTFT BOE )$0− DPOUJOVFT UP JODSFBTF MJOFBSMZ XJUI JODSFBTJOH KD 8F
EFUFSNJOF UIF BOBMZUJD TPMVUJPOT CFMPX BOE BCPWF DBSCPOJD BOIZESBTF TBUVSBUJPO
BOE UIFO TFU UIF BOBMZUJD TPMVUJPOT FRVBM UP UIF EFTJSFE DBSCPO DPODFOUSBUJPO GPS

6B;m`2 RXjXR, S?b2 bT+2 7Q` )$0− i`MbTQ`i M/ +`#QtvbQK2 T2`K2#BH@
BivX SHQii2/ `2 i?2 T`K2i2` pHm2b i r?B+? i?2 $0 +QM+2Mi`iBQM `2+?2b
bQK2 +`BiB+H pHm2X h?2 `2/ HBM2 UH27i KQbiV BM/B+i2b 7Q` r?i pHm2b Q7 KD
M/ LD i?2 $0 +QM+2Mi`iBQM BM i?2 +`#QtvbQK2 rQmH/ bim`i2 _m"Bb*PX
h?2 #H+F HBM2 U`B;?i KQbiV BM/B+i2b i?2 T`K2i2`b 7Q` r?B+? +`#QMB+ M@
?v/`b2 Bb bim`i2/X h?2 #Hm2 HBM2 UKB//H2V BM/B+i2b i?2 T`K2i2` pHm2b
r?B+? rQmH/ `2bmHi BM  $0 +QM+2Mi`iBQM r?2`2 NNW Q7 HH _m"Bb*P `2+@
iBQMb `2 +`#QtvHiBQM `2+iBQMb M/ QMHv RW `2 Qtv;2MiBQM `2+iBQMb r?2M
0 +QM+2Mi`iBQM Bb keyӉ.X >2`2 һ = - bQ i?2`2 Bb MQ $0 b+p2M;BM; Q`
7+BHBii2/ mTiF2X HH Qi?2` T`K2i2`b- bm+? b `2+iBQM `i2b `2 ?2H/ }t2/
M/ i?2 pHm2 +M #2 7QmM/ BM i#H2b XyXR M/ XyXkX

6B;m`2 RXjXk, LmK2`B+H bQHmiBQMb Ubi`bV +QKT`2/ iQ i?2 bQHmiBQMb b2i #v
2[miBQM	
 U/b?2/ HBM2V M/ 2[miBQMb 	
 M/ 	
 UbQHB/ HBM2VX
)$0− i`MbTQ`i Bb p`B2/- M/ HH Qi?2` bvbi2K T`K2i2`b `2 ?2H/ +QMbiMiX
h?2 ;`2v /b?2/ HBM2 b?Qr i?2 $0 +QM+2Mi`iBQM i r?B+? _m"Bb*P Bb bim@
`i2/- ,NBYX "2HQr  +`BiB+H pHm2 Q7 i`MbTQ`i- KD ≈ F− i?2 H2p2H Q7 i`Mb@
TQ`i Bb HQr2` i?M i?2 )$0− H2FBM; i?`Qm;? i?2 +2HH K2K#`M2X

BO FGGFDUJWF DBSCPO DPODFOUSBUJOH NFDIBOJTN
 $BSCPOJD BOIZESBTF FRVJMJCSBUFT $0 BOE )$0
−

5P EFTDSJCF UIF CFIBWJPS CFMPX B DSJUJDBM KD UISFTIPME 	BCPVU KD ≈ . JO 'JH

 XF OFFE UP GJOE UIF BQQSPQSJBUF TPMVUJPOT GPS $0 BOE )$0
−

DPODFOUSBUJPO JO UIF DBSCPYZTPNF BOE JO UIF DZUPTPM DPVQMF UIFN UPHFUIFS XJUI
UIF CPVOEBSZ DPOEJUJPO BU UIF DBSCPYZTPNF BOE FOGPSDF UIF CPVOEBSZ
DPOEJUJPOT BU UIF DFMM NFNCSBOF
8IFO DBSCPOJD BOIZESBTF FRVJMJCSBUFT )$0− BOE $0 EJGGVTJPO XJUIJO UIF
DBSCPYZTPNF JT OFHMJHJCMF BOE UIF TPMVUJPO JT TFU CZ 3$" = 7CB,DB)−7DB,CB$,CB,DB+,DB)+,CB$ = 
JOEJDBUJOH
) = 7DB,CB
7CB,DB
$. 	

/PUF UIBU UIF UJNF TDBMF BTTPDJBUFE XJUI EJGGVTJPO GPS B TNBMM NPMFDVMF BDSPTT B
 ON DBSCPYZTPNF JT BCPVU UIF TBNF BT UIF UJNFTDBMF GPS IJHIMZ DPODFOUSBUFE
DBSCPOJD BOIZESBTF 5IFSF JT B WFSZ TNBMM HSBEJFOU BDSPTT UIF DBSCPYZTPNF BOE
UIF TJ[F PG UIJT HSBEJFOU HJWFT VT UIF FSSPS JO PVS BQQSPYJNBUJPO
5IF DIFNJDBM FRVJMJCSJVN GPS DBSCPOJD BOIZESBTF JT TFU CZ UIF )BMEBOF
SFMBUJPO ,FR = ,CB7DB,DB7CB =
[$0]
[)$0− ][)+]
 BOE WBSJFT XJUI Q) <> 'PS UIF Q) SBOHF
CFUXFFO  BOE  NFBTVSFE WBMVFT PG UIFTF QBSBNFUFST HJWF BO FTUJNBUF PG
,FR ≈  <> 4JODF ,FR >  UIFO UIF CBDL SFBDUJPO XJMM CF GBWPSFE QSPEVDJOH B
TNBMMFS BNPVOU PG $0 JO UIF DBSCPYZTPNF UIBO JG UIF GPSXBSE SFBDUJPO XFSF
GBWPSFE
8F OFFE UP DPVQMF UIF CFIBWJPS JO UIF DBSCPYZTPNF UP UIF CFIBWJPS JO UIF
DZUPTPM XIFSF UIFSF JT OP DBSCPOJD BOIZESBTF BOE POMZ EJGGVTJPO *O TQIFSJDBM
DPPSEJOBUFT UIF TPMVUJPOT UP∇$ =  BOE∇) =  IBWF UIF GPSN
$ = "
S
+ " 	

) = #
S
+ # 	


XIFSF UIF CPVOEBSZ DPOEJUJPOT BU UIF DFMM NFNCSBOF FRVBUJPOT 	
 BOE 	

TFU UXP PG UIF DPOTUBOUT " " # BOE # 5IF UXP PUIFST BSF TFU CZ UIF
CPVOEBSZ DPOEJUJPO BU UIF DBSCPYZTPNF FRVBUJPOT 	
 BOE 	

*ODSFBTJOH )$0− CFZPOE UIF DBSCPOJD BOIZESBTF TBUVSBUJPO QPJOU DPOGFST OP
BEEFE CFOFGJU 5IFSFGPSF JO UIF JOUFSFTUJOH SFHJNF $0 BOE )$0
−
 BSF TFU CZ
FRVBUJPO 	
 XIFSF DBSCPOJD BOIZESBTF FRVJMJCSBUFT UIF DBSCPO
DPODFOUSBUJPOT JO UIF DBSCPYZTPNF
5IF UPUBM DBSCPO GMVY JO BOE PVU PG UIF DBSCPYZTPNF NVTU CF FRVBM UP UIF
DPOTVNQUJPO PG $0 CZ 3V#JT$0
∫
%∂($+ ))
∂S
(S = 3D)E4DBSCPYZTPNF =∫ 7NBY$DBSCPYZTPNF
$DBSCPYZTPNF + ,N
E7DBSCPYZTPNF
	

8F DBO FYBDUMZ TPMWF UIJT FRVBUJPO GPS UIF DPODFOUSBUJPO JO $0 TJODF JU JT KVTU
B RVBESBUJD FRVBUJPO 'PS UIF CFOFGJU PG UIF SFBEFS XF DPOTUSBJO UIFTF VOHBJOMZ
FRVBUJPOT UP UIF BQQFOEJY (JWFO NFBTVSFE DBSCPO QPPMT XPVME TBUVSBUF
3V#JT$0 XF BSF NPTU JOUFSFTUFE JOUFSFTUFE JO UIF TPMVUJPO XIFO 3V#JT$0 JT
TBUVSBUFE 6TJOH UIF 3V#JT$0 TBUVSBUFE MJNJU PG FRVBUJPO 	
 UIF TPMVUJPOT
JO UIF DZUPTPM FRVBUJPOT 	
 BOE 	
 UIF CPVOEBSZ DPOEJUJPOT BU UIF
DBSCPYZTPNF FRVBUJPOT 	
 BOE 	
 BOE UIF CPVOEBSZ DPOEJUJPOT BU UIF
DFMM NFNCSBOF FRVBUJPOT 	
 BOE 	
 UIF $0 DPODFOUSBUJPO JO UIF DFMM BOE
DBSCPYZTPNF JT

$DZUPTPM =
L$N$PVU − (L$N + һ,һ )$DBSCPYZTPNF
( һ,һ + L
$
N)(+ %3C
(
%
3DLD
+

3D
− 
S
)
+ $DBSCPYZTPNF
	

$DBSCPYZTPNF =
(KD + L)N)((L$N + һ,һ )(+
%
3C
))PVU + L$N((L)N + һ,һ )(+
%
3C
)$PVU
(L$N + һ,һ )L
)
N(+
,CB7DB
,DB7CB )(+
(
+ L
)
N
LDN
,CB7DB
,DB7CB
)
L$N %3C
−
3D7NBY(( һ,һ + L
$
N)(+ %3C )(L
)
N(+ %3C )
%((L$N + һ,һ )(+
7DB,CB
7CB,DB )L
)
N(+ L$N(+
L)N
L$N
7DB,CB
7CB,DB )
%
3C
)
	

XIFSF
( =
(
%
3DLD
+

3D
− 
3C
)
. 	

5IFTF FRVBUJPOT EFUFSNJOF UIF $0 DPODFOUSBUJPO JO UIF DFMM BOE DBSCPYZTPNF
XIFO 3V#JT$0 JT TBUVSBUFE CVU DBSCPOJD BOIZESBTF JT OPU
5P GJOE UIF WBMVFT PG )$0− USBOTQPSU KD BOE DBSCPYZTPNF QFSNFBCJMJUZ LD
XIJDI XJMM SFTVMU JO 3V#JT$0 TBUVSBUJPO XF TFU UIF TPMVUJPO GPVOE XJUIPVU
BTTVNJOH 3V#JT$0 TBUVSBUJPO 	"QQFOEJY FRVBUJPO 	"

 FRVBM UP
$DBSCPYZTPNF = ,N 5IF SFTVMUJOH FRVBUJPO HJWFT B SFMBUJPOTIJQ CFUXFFO KD BOE LD
UIF SFE MJOF JO 'JH  5P UIF MFGU PG UIJT MJOF 3V#JT$0 JT VOTBUVSBUFE 5P UIF
SJHIU PG UIF MJOF 3V#JT$0 JT TBUVSBUFE BOE FRVBUJPO 	
 IPMET VOUJM DBSCPOJD
BOIZESBTF CFDPNFT TBUVSBUFE
'PS UIF CMVF DVSWF XF EFUFSNJOF UIF SFMBUJPOTIJQ CFUXFFO LD BOE KD WBMVFT CZ
TFUUJOH FRVBUJPO 	
 FRVBM UP UIF $0 DPODFOUSBUJPO XIJDI XJMM SFTVMU JO UIF
EFTJSFE SBUF PG PYZHFOBUJPO SFBDUJPOT 5P GJOE UIF $0 DPODFOUSBUJPOT XIFSF
 PG SFBDUJPOT BSF DBSCPYZMBUJPOT XF DBMDVMBUF UIF SBUJP PG DBSCPYZMBUJPO UP
PYZHFOBUJPO SFBDUJPOT XIFO 3V#JT$0 JT TBUVSBUFE BT GPMMPXT
DBSCPYZMBUJPO SBUF
PYZHFOBUJPO SBUF =
7NBY
70
$
0 =  	

$% =  0 707$ ≈ N. 	


XIFSF 70 JT UIF NBYJNVN SBUF PG 3V#JT$0 PYZHFOBUJPO BOE0 JT UIF
DPODFOUSBUJPO PG 0 *O 'JH  UIF SFHJPO UP UIF MFGU UIF CMVF MJOF SFQSFTFOUJOH
 PYZHFOBUJPO FSSPS SBUF XJMM IBWF BO FSSPS SBUF CFMPX 
#PUI UIF $0 = $% BOE $0 = ,N MJOFT BSF DPOTUBOU DPODFOUSBUJPO MJOFT
JO KD BOE LD QBSBNFUFS TQBDF 5IF QMPU TIPXT UIBU WBSZJOH DBSCPYZTPNF
QFSNFBCJMJUZ LD WBMVFT SFRVJSF NPSF PS MFTT )$0 USBOTQPSU KD UP BDIJFWF UIF
TBNF DBSCPO DPODFOUSBUJPO "U IJHI BOE MPX LD B IJHIFS KD JT SFRVJSFE BOE UIFSF JT
B QBSUJDVMBS WBMVF LD ≈ F− DNT GPS XIJDI UIF MFBTU KD JT OFFEFE "U WFSZ MPX
SFTUSJDUJWF WBMVFT PG LD )$0− EJGGVTFT JOUP UIF DBSCPYZTPNF TP TMPXMZ UIBU
3V#JT$0 DPOTVNFT $0 BT RVJDLMZ BT JU JT QSPEVDFE 'PS JODSFNFOUBM EFDSFBTFT
JO LD JO UIJT SBOHF JU UBLFT B IJHIFS KD UP QSPEVDF UIF OFFEFE DPODFOUSBUJPO PG
)$0− JO UIF DZUPTPM UP ESJWF EJGGVTJPO PG )$0
−
 JOUP UIF DBSCPYZTPNF BU UIF
TBNF SBUF
8F XJMM EJTDVTT IPX SFTUSJDUJOH DBSCPYZTPNF QFSNFBCJMJUZ DBO IBWF B QPTJUJWF
FGGFDU PO $0 DPODFOUSBUJPO NPNFOUBSJMZ 'JSTU XF XBOU UP GJOE TFDPOE TPMVUJPO
JO 'JH  XIFSF DBSCPOJD BOZIESBTF JT TBUVSBUFE TP UIBU XF DBO EFGJOF XIFSF
UIF USBOTJUJPO UP UIJT SFHJNF UBLFT QMBDF
 $BSCPOJD "OIZESBTF JT TBUVSBUFE
5IF TPMVUJPO XIFO DBSCPOJD BOIZESBTF JT TBUVSBUFE BT JU JT BCPWF UIF DSJUJDBM KD JO
'JH  DBO CF GPVOE CZ BTTVNJOH UIF GPSXBSE SFBDUJPO JT TBUVSBUFE BOE TPMWJOH
UIF SFTVMUJOH FRVBUJPO 5IF GPSXBSE SFBDUJPO )$0− UP $0 JT TBUVSBUFE XIFO
) >> ,CB "T B SFTVMU UIF QSPEVDUJPO PG $0 JT OPX DPOTUBOU BOE DBOOPU
JODSFBTF XJUI NPSF )$0− USBOTQPSU 6TJOH UIFTF UXP JOFRVBMJUJFT BOE LFFQJOH
POMZ UIF MBSHF UFSNT BT BO BQQSPYJNBUJPO∇) = 7CB% BOE∇$ = −7CB% 
JNQMZJOH
$DBSCPYZTPNF = −7CB
%
S + " 	

)DBSCPYZTPNF =
7CB
%
S + # 	


)FSF XF IBWF JNQPTFE UIBU UIF TPMVUJPO DBOOPU EJWFSHF BU S =  5IF DPOTUBOUT
" BOE # BSF TFU CZ DPVQMJOH UIFTF TPMVUJPOT XJUI UIF TPMVUJPO JO UIF DZUPTPM
FRVBUJPOT 	
 BOE 	
 VTJOH CPVOEBSZ DPOEJUJPOT 	
 BOE 	

%FTQJUF UIF TPMVUJPO OPX CFJOH EFQFOEFOU PO UIF SBEJBM QPTJUJPO JU FOET VQ
CFJOH NPTUMZ DPOTUBOU BDSPTT UIF DBSCPYZTPNF
5IF CMBDL MJOF JO 'JH  JOEJDBUFT UIF )$0− USBOTQPSU KD BOE
DBSCPYZTPNF QFSNFBCJMJUZ LD XIJDI SFTVMU JO DBSCPOJD BOZIESBTF CFDPNFT
TBUVSBUFE 5IF DSJUJDBM KD BOE LD WBMVFT BSF TFU CZ UIF USBOTJUJPO CFUXFFO DBSCPOJD
BOZIESBTF CFJOH VOTBUVSBUFE UP TBUVSBUFE PS XIFSF FRVBUJPO 	
 JT FRVBM UP
FRVBUJPO 	
 6OMJLF UIF SFE BOE CMVF MJOFT XIJDI JOEJDBUF B QBSUJDVMBS $0
DPODFOUSBUJPO IBT CFFO SFBDIFE UIF CMBDL MJOF JOEJDBUFT XIFO UIF USBOTJUJPO
CFUXFFO UXP TPMVUJPOT IBQQFOT CVU UFMMT VT OPUIJOH BCPVU UIF DPODFOUSBUJPO BU
UIBU USBOTJUJPO 5P UIF SJHIU PG UIF MJOF $0 DPODFOUSBUJPO EPFT OPU EFQFOE PO
KD BOE UIF DPODFOUSBUJPO XJMM CF TFU CZ FRVBUJPO 	

5IF CMBDL MJOF JO 'JH  TIPXT UIBU GPS IJHI WBMVFT PG LD B MPXFS WBMVF PG KD JT
OFFEFE UP TBUVSBUF DBSCPOJD BOIZESBTF5IF MJOFBS JODSFBTF JO KD OFFEFE UP
TBUVSBUF CFMPX LD ≈ F− DNT JT GSPN UIF TBNF NFDIBOJTN BT EFTDSJCFE GPS UIF SFE
BOE CMVF DVSWFT NPSF )$0− JT OFFEFE JO UIF DZUPTPM UP QSPEVDF UIF TBNF SBUF
PG EJGGVTJPO JOUP UIF DBSCPYZTPNF
8F IBWF EFGJOFE UIF SFHJPO XIFSF UIF DBSCPO DPODFOUSBUJOH NFDIBOJTN JT
NPTU FGGFDUJWF CFUXFFO 3V#JT$0 TBUVSBUJPO UIF SFE MJOF JO 'JH  BOE
DBSCPOJD BOIZESBTF TBUVSBUJPO UIF CMBDL MJOF JO 'JH  8JUIJO UIJT SFHJPO
UIFSF BSF NBOZ WBMVFT PG KD BOE LD XIJDI XJMM SFTVMU JO UIF TBNF $0
DPODFOUSBUJPO 8F IBWF EFGJOFE POF PG UIFTF DPOTUBOU DPODFOUSBUJPO MJOFT UIF
CMVF DVSWF JO 'JH  XIFSF UIFSF JT  PYZHFOBUJPO FSSPS SBUF (FOFSBMMZ
NPWJOH UP UIF SJHIU BOE JODSFBTJOH KD XJUIJO UIF SFHJPO CFUXFFO UIF SFE BOE CMBDL
MJOFT XJMM SFTVMU JO IJHIFS $0 DPODFOUSBUJPO JO UIF DBSCPYZTPNF )PXFWFS UIF
TBNF DIBOHF JO KD XJMM IBWF WBSZJOH NBHOJUVEF PG FGGFDU EFQFOEJOH PO XIBU UIF
DBSCPYZTPNF QFSNFBCJMJUZ 5IF TZTUFN DBO NBYJNJ[F UIF JNQBDU PG UIF TBNF KD
WBMVF JG UIF DBSCPYZTPNF QFSNFBCJMJUZ JT PQUJNBM

6B;m`2 RXjXj, *QM+2Mi`iBQM Q7 $0 BM i?2 +`#QtvbQK2 rBi? p`vBM; +`@
#QtvbQK2 T2`K2#BHBiv UVX LmK2`B+H bQHmiBQM Ubi`B+FbV- MHviB+ bQHmiBQM
rBi? +`#QMB+ M?v/`b2 2[mBHB#`iBM; $0 M/ )$0− UbQHB/ HBM2bV- M/ M@
HviB+ bQHmiBQM rBi? +`#QMB+ M?v/`b2 Bb bim`i2/ U/b?2/ HBM2bV `2 b?QrMX
PM HH THQib $0 Bb `2/ M/ )$0− Bb #Hm2X *QM+2Mi`iBQM BM i?2 +2HH HQM;
i?2 `/Bmb- S- rBi? +`#QtvbQK2 T2`K2#BHBiv LD = F− DNT U"V- LD = F− DNT
U*V- LD =  DNT U.VX :`2v /Qii2/ HBM2b BM U"V- U*V- U.V BM/B+i2 HQ+iBQM Q7 i?2
+`#QtvbQK2 b?2HH #QmM/`vX h?2 i`MbBiBQM 7`QK HQr $0 i ?B;? T2`K2#BH@
Biv U.V iQ KtBKmK $0 +QM+2Mi`iBQM i QTiBKH T2`K2#BHBivU*V Q++m`b i
L∗D = %3$ = 
DN
T X _2bi`B+iBQM Q7 /BzmbBQM Q7 )$0− BMiQ i?2 +`#QtvbQK2 #2@;BMb iQ #2+QK2  T`Q#H2K i LD << L∗D U"VX 6Q` HH bm#THQib һ =  DNT M/
KD = . DNT X
 #FOFėU PG DBSCPYZTPNF QFSNFBCJMJUZ
5IF DBSCPYZTPNF QFSNFBCJMJUZ IBT BO FGGFDU PO UIF $0 DPODFOUSBUJPO JO UIF
DBSCPYZTPNF FWFO XJUIPVU BOZ TQFDJBM TFMFDUJWJUZ 5IFSF JT BO PQUJNBM

DBSCPYZTPNF QFSNFBCJMJUZ BT TIPXO JO 'JH  5IF $0 DPODFOUSBUJPO JO UIF
DBSCPYZTPNF JT MPX BU IJHI QFSNFBCJMJUZ 	'JH #
 NBYJNVN GPS TPNF
PQUJNBM WBMVF 	'JH $
 BOE MPX BHBJO BU MPX QFSNFBCJMJUZ 	'JH %
 8F
FYBNJOF WBSZJOH WBMVFT PG DBSCPYZTPNF QFSNFBCJMJUZ LD XJUI BMM PUIFS
QBSBNFUFST JODMVEJOH KD IFME GJYFE
"U IJHI QFSNFBCJMJUZ UIF $0 QSPEVDFE JO UIF DBSCPYZTPNF SBQJEMZ MFBLT PVU
PG UIF DBSCPYZTPNF QSPEVDJOH B SFMBUJWFMZ IJHI $0 DPODFOUSBUJPO JO UIF
DZUPTPM 4JODF UIF DFMM NFNCSBOF JT WFSZ QFSNFBCMF UP $0 UIF SFMBUJWFMZ IJHI
$0 DPODFOUSBUJPO JO UIF DZUPTPM SFTVMUT JO IJHI SBUF PG $0 MFBLBHF 8IFO UIF
UJNF UP EJGGVTF PVU PG UIF DBSCPYZTPNF PS UISPVHI UIF TIFMM ӑLD = 3DLD JT MBSHFS
UIBO UIF UJNF UP EJGGVTF BDSPTT UIF DBSCPYZTPNF ӑ3D =
3D
% UIFO UIF DBSCPYZTPNF
CFHJOT UP USBQ $0 5IF USBOTJUJPO IBQQFOT XIFO LD < %3$ = 
DN
T JO 'JH "
)$0− EJGGVTJPO BDSPTT UIF DBSCPYZTPNF CFDPNFT SFTUSJDUFE XIFO EJGGVTJPO PG
)$0− JOUP UIF DBSCPYZTPNF DBOOPU LFFQ VQ XJUI DPOTVNQUJPO GSPN 3V#JT$0
8F DBO GJOE UIJT USBOTJUJPO BOBMZUJDBMMZ BT UIF QMBDF XIFSF UIF DPODFOUSBUJPO PG
$0 DPOTVNFE CZ 3V#JT$0 JT UIF TBNF PSEFS PG NBHOJUVEF DPODFOUSBUJPO PG
$0 JO UIF DBSCPYZTPNF XJUIPVU 3V#JT$0 XIJDI IBQQFOT BU LD ≈ F− JO 'JH
 *U UVSOT PVU UIBU UIF DPODFOUSBUJPO PG $0 DPOTVNFE CZ 3V#JT$0 JT
JOWFSTFMZ QSPQPSUJPOBM UP DBSCPYZTPNF QFSNFBCJMJUZ $3VC ≈ 3D7NBYLD GPS UIF
DBSCPYZTPNF QFSNFBCJMJUZ OFBS UIF PQUJNVN 4P BT UIF QFSNFBCJMJUZ EFDSFBTFT
UIJT UFSN HSPXT MBSHFS 8F DBO TFF UIF FGGFDUT PG SFTUSJDUJPO CZ DPNQBSJOH UIF
)$0− DPODFOUSBUJPO QSPGJMF BDSPTT UIF DFMM 	CMVF MJOF
 JO 'JH # XIFSF UIFSF
JT B EJTDSFUF KVNQ BU UIF DBSCPYZTPNF TIFMM UP UIBU JO 'JH 	$ BOE %
 XIFSF
UIF )$0− DPODFOUSBUJPO JT OFBSMZ DPOTUBOU BDSPTT UIF DBSCPYZTPNF TIFMM
*O QSJODJQMF XF DBO GJOE UIF PQUJNBM DBSCPYZTPNF QFSNFBCJMJUZ WBMVF CZ
NBYJNJ[JOH FRVBUJPO 	
 BOE TPMWJOH GPS LD )PXFWFS TJODF UIF SFTVMUJOH
FRVBUJPO XPVME CF WFSZ CVMLZ JU NJHIU CF NPSF VTFGVM UP VTF UIF JOUVJUJPO UIBU UIF
PQUJNBM XJMM IBQQFO XIFO LD < L)N
3C
3D
PS L∗D ≈ F− JO 'JH 	" BOE $
 5IJT
FYQSFTTJPO TBZT WFMPDJUZ PG DBSCPO JO BO PVU PG UIF DBSCPYZTPNF LD NVMUJQMJFE CZ
UIF UJNF UP EJGGVTF BDSPTT UIF DBSCPYZTPNF ӑ3D JT MFTT UIBO UIF WFMPDJUZ PG )$0−
BDSPTT UIF DFMM NFNCSBOF NVMUJQMJFE UIF UJNF UP EJGGVTF BDSPTT UIF DFMM ӑ3C 

"OPUIFS XBZ PG QVUUJOH JU JT UIBU UIF DBSCPO QPPM JO UIF DBSCPYZTPNF BOE DZUPTPM
BSF FGGFDUJWFMZ TFQBSBUFE BT EJGGVTJOH JO BOE PVU PG UIF DBSCPYZTPNF IBT CFDPNF
UIF MJNJUJOH TUFQ
8IFO LD JT BU UIF PQUJNBM WBMVF UIF $0 QSPEVDFE JO UIF DBSCPYZTPNF JT
USBQQFE BT TIPXO JO UIF EJGGFSFODF JO $0 DPODFOUSBUJPO JO UIF DBSCPYZTPNF
CFUXFFO 'JH $ BOE 'JH % 5SBQQJOH $0 JO UIF DBSCPYZTPNF SFEVDFT
UIF $0 DPODFOUSBUJPO BU UIF DFMM NFNCSBOF TP UIF DFMM NFNCSBOF JT NPTUMZ
CPNCBSEFE CZ )$0−  5IFSFGPSF UIF MFBLBHF SBUF PG DBSCPO PVU PG UIF DFMM JT TFU
CZ UIF WFSZ MPX L)N JOTUFBE PG L$N
 #FOFėU PG һ BDUJWJUZ GBDJMJUBUFE VQUBLF PS TDBWFOHJOH
*O 'JH  XF JOWFTUJHBUF UIF FGGFDU PG $0 UP )$0
−
 DPOWFSTJPO BU UIF DFMM
NFNCSBOF *ODSFBTJOH DPOWFSTJPO һ >  DBO GBDJMJUBUF VQUBLF PG $0 GSPN
PVUTJEF UIF DFMM BOE TDBWFOHF $0 FTDBQFE GSPN UIF DBSCPYZTPNF 'BDJMJUBUFE
VQUBLF SFTVMUT JO TBUVSBUJOH CPUI DBSCPOJD BOIZESBTF BOE 3V#JT$0 BU B MPXFS
MFWFM PG )$0− USBOTQPSU TFFO BT B TIJGU JO UIF CMBDL BOE SFE DVSWFT UP UIF MFGU JO
'JH 4DBWFOHJOH CSPBEFOT UIF SBOHF PG DBSCPYZTPNF QFSNFBCJMJUZ XIJDI
XJMM FGGFDUJWFMZ TFQBSBUF UIF DBSCPO QPPMT JO UIF DBSCPYZTPNF BOE PVUTJEF
DSFBUJOH B CSPBEFS SBOHF PG PQUJNBM DBSCPYZTPNF QFSNFBCJMJUZ
5IF SFMBUJWF FGGFDUT PG UIFTF UXP NFDIBOJTNT EFQFOET PO UIF FYUFSOBM $0
BOE )$0− DPODFOUSBUJPOT *O TBMUXBUFS FOWJSPONFOUT )$0
−
 JT UIF
QSFEPNJOBOU JOPSHBOJD DBSCPO TPVSDF BOE UIVT GBS XF IBWF BTTVNFE MPX
JOPSHBOJD DBSCPO DPODFOUSBUJPOT PG [$0] = .Ӊ. BOE [)$0− ] = .Ӊ.
5IF FGGFDU PG GBDJMJUJBUFE VQUBLF VOEFS UIFTF BTTVNQUJPOT JT WFSZ TNBMM *O
GSFTIXBUFS UIFSF DBO CF B NVDI MBSHFS QSPQPSUJPO PG $0 'JH  TIPXT UIF
BCTPMVUF DPOUSJCVUJPO PG )$0− USBOTQPSU GBDJMJUBUFE $0 VQUBLF BOE $0
TDBWFOHJOH GPS WBSZJOH QSPQPSUJPOT PG FYUFSOBM $0 &WFO UIPVHI XF BTTVNF UIF
TBNF WFMPDJUZ PG GBDJMJUBUFE VQUBLF BOE )$0− USBOTQPSU GBDJMJUBUFE VQUBLF
DPOUSJCVUFT MFTT CFDBVTF JU JT MJNJUFE CZ $0 EJGGVTJPO BDSPTT UIF NFNCSBOF

6B;m`2 RX8XR, S?b2 bT+2 7Q` )$0− i`MbTQ`i M/ +`#QtvbQK2 T2`K2@
#BHBivX h?2 bK2 +`BiB+H pHm2b `2 THQii2/ b BM 6B; RXjXR r?2M һ =  DNT
UbQHB/ HBM2bVX h?2 /Qii2/ HBM2b b?Qr i?2 b?B7i r?2M һ =  DNT - M/ i?2`2 Bb MQM@
M2;HB;B#H2 $0 b+p2M;BM; M/ 7+BHBii2/ mTiF2X HH Qi?2` T`K2i2`b- bm+?
b `2+iBQM `i2b `2 ?2H/ }t2/ M/ i?2 pHm2 +M #2 7QmM/ BM i#H2b XyXR M/
XyXkX

6B;m`2 RX8Xk, aBx2 Q7 i?2 )$0− ~mt BM QM2 +2HH 7`QK p`vBM; bQm`+2b- b i?2
T`QTQ`iBQM Q7 $0 iQ )$0− QmibB/2 i?2 +2HH +?M;2b +?M;2bX q2 b?Qr `2@
bmHib 7Q` i?`22 pHm2b Q7 LD- M/ QMHv i?2 b+p2M;BM; Bb 2z2+i2/X hQiH 2ti2`MH
BMQ`;MB+ +`#QM Bb Ӊ.- KD =  DNT M/ һ,һ =  DNT X q?2M i?2 +`#QtvbQK2T2`K2#BHBiv Bb H`;2` i?M QTiBKH- LD =  DNT - b+p2M;BM; +M +QMi`B#mi2 KQ`2
i?M 7+BHBii2/ mTiF2 i HQr 2ti2`MH $0 +QM+2Mi`iBQMbX >Qr2p2`- r?2M
i?2 +`#QtvbQK2 T2`K2#BHBiv Bb QTiBKH- LD = F− DNT - b+p2M;BM; Bb M2;HB;B#Hv
bKHHX lMH2bb i?2`2 Bb p2`v HBiiH2 )$0− BM i?2 2MpB`QMK2Mi- )$0− i`MbTQ`i
b22Kb iQ #2 KQ`2 2{+B2Mi i?M $0 7+BHBii2/ mTiF2X

4DBWFOHJOH POMZ DPOUSJCVUFT TJHOJGJDBOUMZ XIFO UIF DBSCPYZTPNF QFSNFBCJMJUZ
JT IJHIFS UIBO PQUJNBM 'JH " 4DBWFOHJOH EFDSFBTFT UIF DPODFOUSBUJPO PG
$0 JO UIF DZUPTPM TP B NPSF QFSNFBCMF DBSCPYZTPNF DBO TUJMM SFTVMU JO B MPX
MFBLBHF SBUF PVU PG UIF DFMM 5IF PQUJNBM DBSCPYZTPNF QFSNFBCJMJUZ UISFTIPME JT
UIFO NPEJGJFE CZ UIF QSPQPSUJPOBM SBUFT PG $0 DPOWFSTJPO UP MFBLBHF
LD <
(L$N+ һ,һ )
L$N
L)N
3C
3D
 5IJT UISFTIPME JT IJHIMZ EFQFOEFOU PO UIF DFMM NFNCSBOF
QFSNFBCJMJUZ UP $0 BOE )$0
−
  *G UIF DFMM NFNCSBOF QFSNFBCJMJUZ XFSF MPXFS
TDBWFOHJOH XPVME IBWF B NVDI MBSHFS FGGFDU 8IFO UIF DBSCPYZTPNF
QFSNFBCJMJUZ JT PQUJNBM UIFSF JT WFSZ MJUUMF $0 MFBLJOH PVU PG UIF DBSCPYZTPNF
JOUP UIF DZUPTPM TP UIFSF JT WFSZ MJUUMF $0 UP TDBWFOHF 'JH #
 %JTDVTTJPO
 $FMMVMBS PSHBOJ[BUJPO
8F DPNQBSF UIF FGGFDU PG MPDBMJ[JOH DBSCPOJD BOIZESBTF BOE 3V#JT$0 UP TPNF
TNBMM SFHJPO BT PQQPTFE UP FODBQTVMBUJOH UIFN JO B DPNQBSUNFOU 'JH 
5IFSF JT BMNPTU BO PSEFS PG NBHOJUVEF JODSFBTF JO UIF DPODFOUSBUJPO PG $0
XIFO DBSCPOJD BOIZESBTF BOE 3V#JT$0 HP GSPN CFJOH EJTUSJCVUFE UISPVHIPVU
UIF DFMM UP DPODFOUSBUFE JO B TNBMM SFHJPO JO UIF DFOUFS PG UIF DFMM -PDBMJ[JOH UIF
DBSCPOJD BOIZESBTF UP B TNBMM WPMVNF DPODFOUSBUFT JU JODSFBTJOH UIF NBYJNVN
SFBDUJPO SBUF QFS WPMVNF 7DB BOE 7CB 5IF FRVBUJPO GPS $0 DPODFOUSBUJPO JO UIF
DBSCPYZTPNF XJUI TBUVSBUFE DBSCPOJD BOIZESBTF FRVBUJPO 	
 JT
QSPQPSUJPOBM UP 7CB 5IFSFGPSF JODSFBTJOH 7CB XJMM JODSFBTF UIF )$0− USBOTQPSU
KD XIJDI TBUVSBUFT DBSCPOJD BOIZESBTF BMMPXJOH GPS B IJHIFS QPTTJCMF $0
DPODFOUSBUJPO " TNBMM JODSFBTF DBO CF HBJOFE GSPN FODBQTVMBUJOH UIF FO[ZNFT JO
B QFSNFBCMF DBSCPYZTPNF TIFMM BOE BOPUIFS PSEFS PG NBHOJUVEF JT HBJOFE BU UIF
PQUJNBM QFSNFBCJMJUZ BT QSFWJPVTMZ EJTDVTTFE
"OPUIFS BEWBOUBHF PG MPDBMJ[JOH UIF FO[ZNFT JO B TNBMM SFHJPO BU UIF DFOUFS PG
UIF DFMM JT TFQBSBUJOH DBSCPOJD BOIZESBTF GSPN UIF һ DPOWFSTJPO NFDIBOJTN
QSFWFOUJOH B WJDJPVT DZDMF 5IF WJDJPVT DZDMF JT NPTU EFUSJNFOUBM XIFO UIF

6B;m`2 RXeXR, *QM+2Mi`iBQM Q7 $0 +?B2p2/ i?`Qm;? p`BQmb +2HHmH` Q`@
;MBxiBQMb Q7 2MxvK2b- r?2`2 r2 ?p2 b2H2+i2/ i?2 )$0− i`MbTQ`i H2p2H
bm+? i?i i?2 )$0− +QM+2Mi`iBQM BM i?2 +viQbQH Bb N.X h?2 Qtv;2M@
iBQM 2``Q` `i2b- b  T2`+2Mi Q7 iQiH _m"Bb*P `2+iBQMb `2 BM/B+i2/ QM i?2
+QM+2Mi`iBQM #`bX h?2 +2HHmH` Q`;MBxiBQMb BMp2biB;i2/ `2 _m"Bb*P M/
+`#QMB+ M?v/`b2 /Bbi`B#mi2/ i?`Qm;?Qmi i?2 2MiB`2 +viQbQH- +Q@HQ+HBxBM; _m@
"Bb*P M/ +`#QMB+ M?v/`b2 QM  b+zQH/ i i?2 +2Mi2` Q7 i?2 +2HH rBi?Qmi
 +`#QtvbQK2 b?2HH- _m"Bb*P M/ +`#QMB+ M?v/`b2 2M+TbmHi2/ BM  +`@
#QtvbQK2 rBi? ?B;? T2`K2#BHBiv i i?2 +2Mi2` Q7 i?2 +2HH- M/ _m"Bb*P M/
+`#QMB+ M?v/`b2 2M+TbmHi2/ BM  +`#QtvbQK2 rBi? QTiBKH T2`K2#BHBiv
i i?2 +2Mi2` Q7 i?2 +2HHX q2 b?Qr 2+? Q7 i?2b2 +QM};m`iBQMb rBi? һ =  DNT
UHB;?i ;`2vV M/ һ =  DNT U/`F ;`2vVX

FO[ZNFT BSF EJTUSJCVUFE UISPVHI PVU UIF DZUPTPM XIFO һ =  BT TIPXO JO EBSL
HSFZ PO 'JH  $PODFOUSBUJOH UIF FO[ZNFT BXBZ GSPN UIF DFMM BOE UIZMBLPJE
NFNCSBOFT XIFSF DPOWFSTJPO IBQQFOT SFNPWFT UIJT FGGFDU "U PQUJNBM
DBSCPYZTPNF QFSNFBCJMJUZ UIF DBSCPO QPPMT BSF FGGFDUJWFMZ TFQBSBUFE BOE
DPOWFSTJPO DBO BDU POMZ BT GBDJMJUBUFE VQUBLF
8IFO UIF DBSCPYZTPNF QFSNFBCJMJUZ JT PQUJNBM BOE FGGFDUJWFMZ TFQBSBUFT UIF
DBSCPO QPPMT JO UIF DBSCPYZTPNF BOE DZUPTPM UIFSF DBOOPU CF B TJHOJGJDBOU
HSBEJFOU JO )$0− BDSPTT UIF DFMM *G UIFSF JT OP TJHOJGJDBOU HSBEJFOU JO )$0
−
 
UIFO UIF QPTJUJPO PG UIF DBSCPYZTPNF JO DFMM EPFT OPU NBUUFS "EEJUJPOBMMZ UIFSF
JT OP PQUJNBM QPTJUJPOJOH PG PUIFS DBSCPYZTPNFT UP BWPJE DPNQFUJUJPO GPS
)$0− 
 8IFSF BSF UIF QIZTJPMPHJDBM DBSCPO DPODFOUSBUJPOT 
8IJMF DBSCPO VQUBLF NFBTVSFNFOUT WBSZ CFUXFFO TZTUFNT BOE PGUFO SFMZ PO B
NPEFM UP JOUFSQSFU JOPSHBOJD DBSCPO QPPM NFBTVSFNFOUT BSF SFMBUJWFMZ TJNQMF UP
JOUFSQSFU BOE DPOTJTUFOU BDSPTT FYQFSJNFOUT "U MPX FYUFSOBM DBSCPO DPOEJUJPOT
JOUFSOBM JOPSHBOJD DBSCPO QPPMT BSF SFHVMBSMZ NFBTVSFE UP CF BSPVOE $J = N.
<    > 5IJT DBSCPO QPPM IBT CFFO GPVOE UP CF QSFEPNJOBOUMZ
)$0−  B SFTVMU XIJDI XF SFDBQJUVMBUF "T TIPXO JO 'JH 	" # $
 $0
DPODFOUSBUJPO JT B GFX QFSDFOU PG UPUBM JOPSHBOJD DBSCPO JO UIF DZUPTPM 5IFSFGPSF
)$0− DPODFOUSBUJPO JO UIF DZUPTPM JT SFQSFTFOUBUJWF PG UIF TJ[F PG UIF DBSCPO
QPPM 5IF WBMVFT PG )$0− USBOTQPSU KD BOE DBSCPYZTPNF QFSNFBCJMJUZ LD
XIFSF PVS NPEFM SFTVMUT JO )$0− = N. JO UIF DZUPTPM BSF JOEJDBUFE CZ UIF
EBTIFE HSFZ MJOF JO 'JH  5IF )$0− DPODFOUSBUJPO JT CBTJDBMMZ JOEFQFOEFOU
PG UIF DBSCPYZTPNF QFSNFBCJMJUZ JO UIJT QBSBNFUFS SFHJNF BOE KD ≈ . DNT SFTVMUT
JO B DBSCPO QPPM PG≈ N. *O UIJT SFHJNF XIFO FYUFSOBM JOPSHBOJD DBSCPO JT
QSJNBSJMZ )$0−  GBDJMJUBUFE VQUBLF BOE TDBWFOHJOH QMBZ B OFHMJHJCMF SPMF BOE
EPOU HSFBUMZ FGGFDU UIF $0 DPODFOUSBUJPO JO UIF DBSCPYZTPNF
'PS KD = . DNT  UIFSF JT FOPSNPVT WBSJBUJPO JO UIF $0 DPODFOUSBUJPO JO UIF
DBSCPYZTPNF XJUI WBSZJOH DBSCPYZTPNF QFSNFBCJMJUZ BT TIPXO JO 'JH  "U

6B;m`2 RXeXk, S?b2 bT+2 7Q` )$0− i`MbTQ`i M/ +`#QtvbQK2 T2`K2#BH@
BivX h?2 bK2 +`BiB+H pHm2b `2 THQii2/ b BM 6B; RXjXR r?2M һ =  DNT UbQHB/
HBM2bVX h?2 ;`2v /Qii2/ HBM2 b?Qrb i?2 LD M/ KD pHm2b- r?2`2 i?2 )$0− +QM@
+2Mi`iBQM BM i?2 +viQbQH Bb N.X h?2 )$0− +QM+2Mi`iBQM BM i?2 +viQbQH
/Q2b MQi p`v TT`2+B#Hv rBi? LD M/ `2+?2b N. i KD ≈ . DNT X HH Qi?2`
T`K2i2`b- bm+? b `2+iBQM `i2b `2 ?2H/ }t2/ M/ i?2 pHm2 +M #2 7QmM/
BM i#H2b XyXR M/ XyXkX

UIF PQUJNBM DBSCPYZTPNF QFSNFBCJMJUZ UIF $0 DPODFOUSBUJPO JO UIF
DBSCPYZTPNF JT BCPVU N. TIPXO JO 'JH " BOE $ DPNQBSFE UP .N. PS
MPXFS JO UIF OPOPQUJNBM DBSCPYZTPNF QFSNFBCJMJUJFT TIPXO JO 'JH " #
BOE % " $0 DPODFOUSBUJPO PG N. SFTVMUT JO  PYZHFOBUJPO FSSPS SBUF PS
 JO FWFSZ  SFBDUJPOT BSF PYZHFOBUJPOT

2
.FMUJOH BOE TPMVUF EZOBNJDT PG
IZQFSEPQJOH XJUI GFNUPTFDPOEMBTFS
 *OUSPEVDUJPO
)ZQFSEPQJOH XJUI GFNUPTFDPOE MBTFST PGGFST B WFSTBUJMF NFUIPE GPS DSFBUJOH B
WBSJFUZ PG OFXNBUFSJBMT JODMVEJOH TFNJDPOEVDUPS NBUFSJBMT EPQFE BU CFZPOE UIF
FRVJMJCSJVN TPMVCJMJUZ MJNJU <    > 4JMJDPO IZQFSEPQFE XJUI TVMGVS
IBT CFFO TIPXO UP BCTPSC NPSF IJHIMZ JO UIF JOGSBSFE SFHJPO BMSFBEZ IBT
BQQMJDBUJPOT TVDI BT OJHIUWJTJPO TFOTPST BOE JT CFJOH FYQMPSFE GPS PUIFS VTFT
TVDI BT QIPUPWPMUBJDT <  > 'PS DVSSFOU BOE GVUVSF BQQMJDBUJPOT CFJOH
BCMF UP GJOFMZ UVOF UIF EPQBOU QSPGJMF JO UIF NBUFSJBM XJMM BMMPX NPSF FGGJDJFOU BOE
FGGFDUJWF EFWJDFT &YQFSJNFOUBM FWJEFODF TIPXT UIBU UIF EPTF BOE EPQBOU
EJTUSJCVUJPO JO UIF NBUFSJBM DBO CF BMUFSFE CZ DIBOHJOH MBTFS GMVFODF QVMTF

OVNCFS BOE QSFTTVSF PG HBTFPVT EPQBOU JO UIF SFBDUJPO DIBNCFS <  >
0OF PG UIF GJSTU TUFQT UP HBJOJOH CFUUFS DPOUSPM PWFS UIF EPQJOH QSPGJMF JT
EFWFMPQJOH B NPEFM XIJDI DPSSFDUMZ SFQSFTFOUT UIF QIZTJDT JO UIF TZTUFN
.PEFMJOH UIF NFMUJOH EZOBNJDT BOE TVMGVS EJGGVTJPO JOUP UIF NBUFSJBM BMMPXT B
HSFBUFS VOEFSTUBOEJOH PG UIF FYQFSJNFOUBM SFTVMUT " UIFSNBM NPEFM QSPEVDFT
NFMU EZOBNJDT BOE TPMVUF QSPGJMFT DPOTJTUFOU XJUI FYQFSJNFOUBM EBUB 8F JEFOUJGZ
UXP EJTUJODU NFDIBOJTNT XIJDI BDDPVOU GPS UIF DIBSBDUFSJTUJD EPQBOU QSPGJMFT JO
FYQFSJNFOUT " DIBOHF JO MBTFS BCTPSQUJPO TVDI UIBU NFMU EFQUI JODSFBTFT PS B
DIBOHF JO UIF NFDIBOJTN PG EPQBOU JOUFHSBUJPO GSPN BO JOTUBOU TVSGBDF EPTF UP
B TVSGBDF GMVY DBO CPUI BDDPVOU GPS DIBOHFT JO EPQBOU QSPGJMF XJUI TVCTFRVFOU
MBTFS QVMTFT
 &YQFSJNFOUBM .PUJWBUJPO
5P EPQF 4J XJUI 4 B 4J XBGFS JT QMBDFE JO B DIBNCFS GJMMFE XJUI 4' 5IF NBUFSJBM
JT UIFO JSSBEJBUFE XJUI B GFNUPTFDPOE MBTFS QVMTF *OJUJBMMZ UIF  ON MBTFS QVMTF
MBTUJOH BCPVU  GFNUPTFDPOET FYDJUFT FMFDUSPOT JO UIF NBUFSJBM *G FOPVHI PG UIF
FMFDUSPOT BSF FYDJUFE 	 PG WBMFODF FMFDUSPOT
 UIF MBUUJDF EFTUBCBMJ[FT BOE
USBOTJUJPOT UP B MJRVJE JO B QSPDFTT DBMMFE OPOUIFSNBM NFMUJOH < > "U MPXFS
MBTFS QVMTF FOFSHJFT UIF MBUUJDF SFNBJOT TUBCMF BOE UIF FMFDUSPOT SFMBY CBDL EPXO
BGUFS BCPVU QT USBOTGFSSJOH UIFJS FOFSHZ UP UIF MBUUJDF JO B QSPDFTT DBMMFE
UIFSNBMJ[BUJPO <> *O UIJT DBTF JG UIF FOFSHZ USBOTGFSFE JT BCPWF UIF NFMUJOH
UISFTIPME UIF IFBU EJGGVTFT UISPVHI UIF TJMJDPO BOE NFMUJOH CFHJOT GSPN UIF
TVSGBDF <> "T UIF NBUFSJBM NFMUT FOFSHZ JT VTFE JO UIF NFMUJOH BOE IFBU
EJGGVTFT JOUP UIF TJMJDPO TVCTUSBUF &WFOUVBMMZ UIFSF JT OPU FOPVHI MPDBMJ[FE IFBU
FOFSHZ UP NFMU UIF NBUFSJBM GVSUIFS UIF NFMUJOH TUPQT BOE UIFO UIF NBUFSJBM
CFHJOT UP SFTPMJEJGZ 5IF NFMUJOH BOE SFTPMJEJGJDBUJPO QSPDFTT UBLFT QMBDF PO UIF
UJNF TDBMF PG B GFX OBOPTFDPOET "U B MBTFS GMVFODF PG . L+N  UIF NBUFSJBM
SFTPMJEJGJFT BT DSZTUBMMJOF <>
%VSJOH NFMUJOH TVMGVS FOUFST JOUP UIF NBUFSJBM BOE JT JODPSQPSBUFE JOUP UIF
TJMJDPO JO OPOFRVJMJCSJVN DPODFOUSBUJPOT <   >  &YQFSJNFOUT EPOF CZ

6B;m`2 kXRXR, h?2 iQiH BMi2;`i2/ bmH7m` /Qb2 BM+Q`TQ`i2/ BMiQ i?2 Ki2`BH
i p`vBM; T`2bbm`2b 7Q` /Bz2`2Mi b?Qi MmK#2`bX h?2 Hb2` ~m2M+2 Bb i . L+N7Q` 2+? b?QiX "2HQr R iQ`` i?2 /Qb2 /Q2b MQi p`v TT`2+B#Hv rBi? T`2bbm`2X
i M/ #Qp2 Ry iQ`` i?2`2 Bb /`KiB+ BM+`2b2 BM /Qb2 rBi? T`2bbm`2 M/ b?Qi
MmK#2`X lb2/ rBi? T2`KBbbBQM 7`QK (9N)X
4IFS FU BM TIPX UIBU UIFSF JT B DSJUJDBM QSFTTVSF CFMPX XIJDI UIF JODPSQPSBUJPO PG
UIF EPQBOU JOUP UIF NBUFSJBM JT JOEFQFOEFOU PG UIF QSFTTVSF 	'JH 
<>
#FGPSF MBTFS JSSBEJBUJPO B MBZFS PG 4' BETPSCT POUP UIF TVSGBDF PG UIF 4J XBGFS "U
MPX QSFTTVSFT POMZ UIJT BETPSCFE MBZFS XPSUI PG 4' JT JODPSQPSBUFE JOUP UIF
NBUFSJBM "CPWF UIF DSJUJDBM QSFTTVSF UIF EPQBOU EPTF E4 JT EFQFOEFOU PO UIF
QVMTF OVNCFS O BOE QSFTTVSF 1 4FS FU BM GPVOE E4 ∝ 1O XJUI O <  <> 5IF
JODSFBTF JO EPTF XJUI TIPU OVNCFS BCPWF B DSJUJDBM QSFTTVSF UISFTIPME DPNFT
GSPN B OFX TVSGBDF MBZFS GPSNJOH CFUXFFO FBDI TIPU BCPWF UIF DSJUJDBM QSFTTVSF
*G UIF JODSFBTF JO EPTF XJUI QSFTTVSF XFSF EVF UP BO JODSFBTFE OVNCFS PG 4'
JNQJOHJOH PO UIF TVSGBDF UIF QSFTTVSF EFQFOEFODF XPVME CF O =  TJODF
CPNCBSENFOU XPVME CF MJOFBS XJUI QSFTTVSF 5IF JODSFBTF JO EPTF XJUI QSFTTVSF
JT NPTU MJLFMZ EVF UP BO JODSFBTF JO UIF TJ[F PG UIF BETPSCFE MBZFS XJUI JODSFBTJOH
QSFTTVSF < m> 5IF SFMBUJPOTIJQ CFUXFFO UIF QSFTTVSF JO UIF DIBNCFS BOE

TJ[F PG BETPSCFE MBZFS JT TUJMM VOEFS JOWFTUJHBUJPO BOE OPU FBTJMZ EFTDSJCFE <>
5IF FYBDU NFDIBOJTN GPS JODPSQPSBUJPO PG UIF BETPSCFE MBZFS JOUP UIF NBUFSJBM JT
VOLOPXO BOE POF PG UIF BTQFDUT XF JOWFTUJHBUF
5IF QSPGJMF PG UIF EPQBOU JO 4J IBT B QBSUJDVMBS TIBQF 5IF MFOHUI TDBMF
BTTPDJBUFE XJUI UIF QFOFUSBUJPO EFQUI PG 4 JOUP UIF NBUFSJBM JODSFBTFT XJUI TIPU
OVNCFS XIJDI XF DBO TFF BU CPUI 1 = . UPSS 	'JH "
 BOE 1 =  UPSS
	'JH #
 5IF 1 = . UPSS EBUB IBT UIF TBNF DIBSBDUFSJTUJD TIBQFT BT EBUB BU
PUIFS QSFTTVSFT CFMPX UIF DSJUJDBM QSFTTVSF UISFTIPME 5IF MFOHUI TDBMF JT TFU CZ
EPQBOU EJGGVTJPO BOE UIF NFMU EVSBUJPO 5IF NBUFSJBM NFMUT NVDI EFFQFS UIBO
UIF EPQBOU EJGGVTFT BOE UIFO TPMJEJGJFT uGSFF[JOHu UIF EPQBOU QSPGJMF BU UIF EFQUI
JU IBT SFBDIFE UISPVHI EJGGVTJPO *U JT VODMFBS XIFUIFS UIF NFMUJOH EZOBNJDT BSF
JEFOUJDBM GPS FBDI MBTFS QVMTF "MUFSOBUJWFMZ UIF NFMU EFQUI DPVME JODSFBTF EVSJOH
MBUFS TIPUT CFDBVTF PG DIBOHFT UP UIF NBUFSJBM 'PS FYBNQMF UIF JOUSPEVDUJPO PG
EPQBOU PS EBNBHF UP UIF NBUFSJBM BNPSQIJ[BUJPO DPVME JODSFBTFE MBTFS
BCTPSQUJPO "NPSQIJ[BUJPO JT OPU PCTFSWFE JO PQUJDBM DIBSBDUFSJ[BUJPO PG UIF
NBUFSJBM <> 5IFSF JT BMTP TPNF VODFSUBJOUZ JO UIF EPQBOU QSPGJMFT EVF UP UIF
TFDPOEBSZ JPO NBTT TQFDUSPNFUSZ 	4*.4
 NFBTVSFNFOU NFUIPE XIJDI QVTIFT
EPQBOU GVSUIFS EPXO JOUP UIF NBUFSJBM EVSJOH UIF NFBTVSFNFOU QSPDFTT
6B;m`2 kXRXk, a2+QM/`v BQM Kbb bT2+i`QK2i`v UaAJaV K2bm`2K2Mi Q7 i?2
+QM+2Mi`iBQM Q7 bmH7m` BM bBHB+QM rBi? /2Ti?X /Ti2/ 7`QK (9N)X
5IF 1 =  UPSS EBUB JT SFQSFTFOUBUJWF PG UIF QSPGJMF TIBQFT BCPWF UIF

QSFTTVSF UISFTIPME 4IPUT  BOE  MPPL TNPPUI BOE BQQSPYJNBUFMZ FYQPOFOUJBM
4IPUT  BOE  IBWF B RVJDL EFDMJOF BU GPMMPXFE CZ B QMBUFBV B CFUXFFO  BOE
 ON BOE UIFO TNPPUI FYQPOFOUJBM EFDMJOF "T QSFWJPVTMZ NFOUJPOFE UIF TVMGVS
EFQUI JODSFBTFT XJUI JODSFBTJOH TIPUT BOE XF EP OPU LOPX JG UIF NFMUJOH
EZOBNJDT DIBOHF TJHOJGJDBOUMZ XJUI JODSFBTJOH TIPUT 8F JOWFTUJHBUF XIFUIFS UIJT
DIBOHF GSPN FYQPOFOUJBM UP QMBUFBV DPNFT GSPN DIBOHFT JO UIF NFMUJOH EZOBNJDT
PS GSPN UIF WBSJBUJPO JO UIF TVMGVS JODPSQFSBUJPO NFDIBOJTN 8F QSPQPTF
NFDIBOJTNT GPS TVMGVS JODPSQPSBUJPO JO UIF GPSN PG JOJUJBM BOE CPVOEBSZ
DPOEJUJPOT 5IF HPBM PG UIF NPEFM JT UP EFUFSNJOF XIFUIFS UIFTF NFDIBOJTNT
DBO CF GVSUIFS EJGGFSFOUJBUFE GSPN UIF EBUB BOE EFUFSNJOF XIJDI QBSBNFUFST
DPOUSPM UIF GJOBM EPQBOU QSPGJMF
 1IZTJDBM NPEFM PG GFNUPTFDPOE MBTFS JSSBEJBUJPO BOE 4 EJĎVTJPO
JO 4J
 -BTFS "CTPSQUJPO
4JODF UIF MBTFS QVMTF BOE FOFSHZ UIFSNBMJ[BUJPO IBQQFO PO TVDI B GBTU UJNF TDBMF
UIF BDUVBM EFQPTJUJPO PG UIF FOFSHZ JOUP UIF NBUFSJBM DBO CF DPOTJEFSFE BT BO
JOJUJBM DPOEJUJPO UP UIF NFMUJOH EZOBNJDT
5IF BUUFOVBUJPO PG UIF MJHIU JOUFOTJUZ * EVF UP MJOFBS BOE OPOMJOFBS GSFF
DBSSJFS BCTPSQUJPO BT B GVODUJPO PG UIF EFQUI PG UIF NBUFSJBM Y JT EFTDSJCFE CZ
*Y = −һ*− Ҽ* 	

8IFSF һ BOE Ҽ BSF UIF MJOFBS BOE OPOMJOFBS BCTPSQUJPO DPFGGJDJFOUT
SFTQFDUJWFMZ 5IJT FRVBUJPO BTTVNFT BOZ SFGMFDUFE MJHIU IBT BMSFBEZ CFFO
BDDPVOUFE GPS <> 5IF JOJUJBM UFNQFSBUVSF QSPGJMF JO UIF NBUFSJBM BGUFS UIF
FOFSHZ UIFSNBMJ[FT JO UIF MBUUJDF JT SFMBUFE UP UIJT FRVBUJPO CZ
5(Y, ) = 5BNCJFOU +
UQVMTF
$Q
*Y 	


)FSF UQVMTF JT UIF FGGFDUJWF EVSBUJPO PG UIF MBTFS BOE $Q JT UIF WPMVNFUSJD IFBU
DBQBDJUZ PG 4J 'JOEJOH UIF TPMVUJPO UP FRVBUJPO 	
 BTTVNJOH *(Y = ) = *
XF GJOE
5(Y, ) = 5BNCJFOU +
UQVMTFһ(һ + *Ҽ)*FһY
$Q(*Ҽ− (һ + *Ҽ)FһY) 	

* JT SFMBUFE UP UIF MBTFS GMVFODF 1GMVY CZ * =
1GMVY
UQVMTF XIFSF 1GMVY IBT VOJUT
L+
N 
 5IFSNBM EZOBNJDT
8F VTF XFMM FTUBCMJTIFE NPEFMT GPS OBOPTFDPOE MBTFS UIFSNBM QSPDFTTJOH
<   > 5IF NFMUJOH EZOBNJDT BSF EFUFSNJOFE CZ UIFSNBM EJGGVTJPO
UISPVHI UIF NBUFSJBM
5U = (%55Y)Y 	

FOFSHZ DPOTFSWBUJPO BU UIF JOUFSGBDF
-WIU = Ӆ55Y|4 − Ӆ55Y|- 	

BOE UIF JOUFSGBDF SFTQPOTF GVODUJPO
IU = Ӊ(5(I, U)− 5NFMU). 	

)FSF I JT UIF QPTJUJPO PG UIF MJRVJETPMJE JOUFSGBDF IU JT UIF JOUFSGBDF WFMPDJUZ
BOE 	
 	
 EFTDSJCF UIF NPWFNFOU PG UIF JOUFSGBDF BOE JUT JOGMVFODF PO UIF
UIFSNBM HSBEJFOUT &RVBUJPO 	
 BDDPVOUT GPS UIF GMVY PG FOFSHZ JO UIF MJRVJE
BOE UIF TPMJE BT JOEJDBUFE CZ UIF TVCTDSJQUT - BOE 4 SFRVJSFE GPS NFMUJOH PS
TPMJEJGZJOH 5IF MBUFOU IFBU -W JT DPOTUBOU *O FRVBUJPO 	
 Ӊ JT UIF
FYQFSJNFOUBMMZ EFUFSNJOFE LJOFUJD VOEFSDPPMJOH DPFGGJDJFOU XIJDI FODBQTVMBUFT
JOGPSNBUJPO BCPVU IPX RVJDLMZ UIF JOUFSGBDF DBO NPWF <> 5IF UIFSNBM
DPOEVDUJWJUZ Ӆ5 WPMVNFUSJD IFBU DBQBDJUZ BOE UIFSNBM EJGGVTJWJUZ%5 BSF SFMBUFE
BT GPMMPXT Ӆ5 = %5$ӏ 5IFZ BSF GVODUJPOT PG UIF UFNQFSBUVSF PG UIF NBUFSJBM
XIFUIFS JU JT JO UIF MJRVJE DSZTUBMMJOF PS BNPSQIPVT TUBUF BOE WFSZ XFBLMZ XJUI

UIF TPMVUF DPODFOUSBUJPO
5IF CPVOEBSZ DPOEJUJPO BU UIF TVSGBDF JT GPSNBMMZ B SBEJBUJWF DPOEJUJPO CVU
UIF SBEJBUJPO JT WFSZ TNBMM BOE TP UIF CPVOEBSZ DPOEJUJPO DBO CF BQQSPYJNBUFE BT
B OPGMVY CPVOEBSZ DPOEJUJPO
5Y|Y= = . 	

7FSZ GBS GSPN UIF TVSGBDF UIF UFNQFSBUVSF TIPVME HP UP UIF BNCJFOU UFNQFSBUVSF
5IF TJMJDPO XBGFST VTFE BSF NVDI EFFQFS 	 ϼN
UIBO UIF NFMUJOH TP UIJT JT
FGGFDUJWFMZ B TFNJJOGJOJUF CPVOEBSZ QSPCMFN
5|Y→∞ = 5BNCJFOU 	

 4PMVUF EZOBNJDT
5IF EZOBNJDT PG TVMGVS EJGGVTJPO BOE JODPSQPSBUJPO JOUP UIF TPMJE TJMJDPO JT
EFTDSJCFE CZ EJGGVTJPO
$U = (%E$Y)Y, 	

XIFSF UIF EJGGVTJWJUZ PG TVMGVS JO TJMJDPO%E JT B GVODUJPO PG UFNQFSBUVSF BOE [FSP
JO UIF TPMJE " NBTT DPOTFSWBUJPO FRVBUJPO BU UIF JOUFSGBDF
($- − $4)I˙ = [−%E$Y]-−4 = −%E$Y|- 	

TFUT UIF GMVY )FSF $- JT UIF DPODFOUSBUJPO PO UIF MJRVJE TJEF BOE $4 PO UIF TPMJE
5IFSF JT OP EJGGVTJPO JO UIF TPMJE 	
 TP POMZ UIF MJRVJE UFSN SFNBJOT "O
JOUFSGBDF DPOEJUJPO
$4
$-
=
LF + I˙W%
+ I˙W%
. 	

JT BMTP OFFEFE UP DPVQMF UIF DPODFOUSBUJPO JO UIF MJRVJE BOE TPMJE <> )FSF LF JT
UIF FRVJMJCSJVN QBSUJUJPO DPFGGJDJFOU BOE W% JT B LJOFUJD QBSBNFUFS DBMMFE EJGGVTJWF
WFMPDJUZ 'PS MPX TPMJEJGJDBUJPO WFMPDJUJFT IU << W% UIF TVMGVS XJMM QBSUJUJPO JOUP

UIF TPMJE BOE MJRVJE TJMJDPO BT JG JU XFSF BU FRVJMJCSJVN 8IFO UIF TPMJEJGJDBUJPO
WFMPDJUZ JT MBSHFS UIBO UIF SBUF BU XIJDI TVMGVS DBO FTDBQF GSPN UIF JOUFSGBDF WJB
EJGGVTJPO IU > W% B MBSHFS UIBO FRVJMJCSJVN QSPQPSUJPO PG TVMGVS XJMM CFDPNF
USBQQFE
5IF FYQFSJNFOUBM EBUB TVHHFTUT UIBU UIF EPTF PG 4 HFUUJOH JO XJUI FBDI TIPU
DPNFT GSPN BO BETPSCFE TVSGBDF MBZFS IPXFWFS JU JT VOLOPXO IPX UIJT EPTF HFUT
JOUP UIF NBUFSJBM EVSJOH NFMUJOH 8F QSPQPTF UXP NFUIPET PG JODPSQPSBUJPO BO
uJOTUBOU EPTFu XIJDI DBO CF SFQSFTFOUFE JO B JOJUJBM DPOEJUJPO PS TMPX EJGGVTJPO
JOUP UIF NBUFSJBM XIJDI DBO CF SFQSFTFOUFE BT B GMVY BU UIF TVSGBDF
*G UIF TVMGVS DPNFT JO BT BO uJOTUBOU EPTFu JU JT BO JOJUJBM DPOEJUJPO JT B TIBSQ
TRVBSF GVODUJPO
$ =
{
$TVSGBDF(1, J) GPS Y < ҾY
 GPS Y > ҾY
	

)FSF $TVSGBDF JT UIF TVSGBDF MBZFS GSPN BCTPSQUJPO XIJDI JT B GVODUJPO PG QSFTTVSF
1 BOE TIPU OVNCFS J 5IF DPODFOUSBUJPO CFHJOT JO B TNBMM SFHJPO ҾY *G XF BSF
TJNVMBUJOH NVMUJQMF TIPUT UIFO XF TBWF DPODFOUSBUJPOT GSPN QSFWJPVT TIPUT BOE
XSJUF UIF JOUJBM DPOEJUJPO BT
$(Y, ) = $J(Y) + $, 	

XIFSF $J JT UIF DPODFOUSBUJPO MFGU BGUFS UIF JUI TIPU 8F XSJUF B GMVY CPVOEBSZ
DPOEJUJPO XIFSF UIF GMVY EFQFOET PO UIF QSFTTVSF BOE TIPU OVNCFS
$Y|Y= = +D(1, T) 	

*G XF BSF BTTVNJOH UIBU UIF XIPMF EPTF DPNFT GSPN BO uJOTUBOU EPTFu JO UIF JOJUJBM
DPOEJUJPO UIFO XF TFU +D =  *G XF BTTVNF UIF XIPMF EPTF DPNFT GSPN TVSGBDF
GMVY XF TFU $TVSGBDF = 
5P DMPTF UIF TZTUFN PG FRVBUJPOT XF BMTP OFFE B CPVOEBSZ DPOEJUJPO BT

Y→∞
$|Y→∞ = . 	

 1BSBNFUFS SBOHFT
.BOZ PG UIF QBSBNFUFST JO UIJT NPEFM BSF XFMM LOPXO BOE EP OPU WBSZ 0UIFST
TVDI BT MBTFS GMVFODF TIPU OVNCFS BOE DIBNCFS QSFTTVSF BSF VOEFS FYQFSJNFOUBM
DPOUSPM 5IF POMZ QBSBNFUFS XIJDI JT VOLOPXO JT UIF OPOMJOFBS BCTPSQUJPO
DPFGGJDJFOU CVU VTJOH OPOMJOFBS DPFGGJDJFOUT NFBTVSFE GPS PUIFS MBTFS
XBWFMFOHUIT XF DBO BTTVNF B SBOHF 8F BMTP EP OPU LOPX UIF FYBDU DPOWFSTJPO
CFUXFFO UIF FYQFSJNFOUBM MBTFS GMVFODF BOE UIF MBTFS GMVFODF JO PVS NPEFM TJODF
TPNF PG UIF FOFSHZ 	BCPVU 
 XJMM CF SFGMFDUFE "MM QBSBNFUFST BSF TVNNBSJ[FE
JO UBCMF 
h#H2 kXkXR, aBKmHiBQM T`K2i2`bX
1BSBNFUFS TZNCPM WBMVF VOJUT SFGFSFODF
MBTFS GMVFODF 1GMVY  UP  L+N <>
MJOFBS BCTPSQUJPO һ .F N <>
OPOMJOFBS BCTPSQUJPO Ҽ F UPF NGTL+ <>
MBTFS QVMTF EVSBUJPO UQVMTF  GT <>
WPMVNFUSJD IFBU DBQBDJUZ $ӏ F L+N, <>
UIFSNBM DPOEVDUJWJUZ DSZT
UBMJOF BU NFMUJOH UFNQ
Ӆ45 F
L+
NT, <>
UIFSNBM DPOEVDUJWJUZ MJRVJE Ӆ-5 F
L+
NT, <>
UIFSNBM EJGGVTJWJUZ %5 Ӆ5$ӏ
N
T <>
MBUFOU IFBU -W  +DN <>
LJOFUJD VOEFSDPPMJOH Ӊ . NT, <>
EJGGVTJWJUZ PG TVMGVS JO TJMJDPO %E .F− DN

T <>
FRVJMJCSJVN QBSUJUJPO DPFGGJ
DJFOU
LF F− NT, <>
EJGGVTJWF WFMPDJUZ W%  NT <>
QSFTTVSF 1 F− UP  UPSS <>
TIPU OVNCFS T  UP  <>

8F GJOE UIF NFMUJOH EZOBNJDT PWFS B SBOHF PG QBSBNFUFST CZ OVNFSJDBMMZ
TPMWJOH UIF FRVBUJPOT 8F UIFO VTF FYQFSJNFOUBM DPOTUSBJOUT PO UIF NFMUJOH
EZOBNJDT UP DPOTUSBJO UIF QBSBNFUFST GVSUIFS 'SPN UIF EPQBOU QSPGJMFT XF
LOPX UIF NFMU EFQUI NVTU CF CFUXFFO  < YN <  ONXIFSF UIFSF JT TPNF
FSSPS GSPN UIF 4*.4NFBTVSFNFOU 	±ON
 *G UIF NFMUJOH EZOBNJDT EP OPU WBSZ
XJUI TIPU OVNCFS UIFO UIF NFMU EFQUI XPVME IBWF UP CF YN >  ON *G UIF
NFMUJOH EZOBNJDT WBSZ XJUI TIPU UIFO UIF NFMU EFQUI XPVME IBWF UP JODSFBTF XJUI
TIPU OVNCFS BDSPTT UIF SBOHF 5IF SFTPMJEJGJDBUJPO WFMPDJUZ NVTU CF WS <  NT 
JO PSEFS UP QSPEVDF DSZTUBMJOF NBUFSJBM BT PQQPTFE UP BNPSQIPVT < >
 /VNFSJDBM .FUIPET
'PS UIF OVNFSJDBM USFBUNFOU PG UIF NPEFM XF SFEVDF UIF OVNCFS PG QBSBNFUFST
CZ EJNFOTJPOBM BOBMZTJT BOE XSJUF UIF FRVBUJPOT JO OPOEJNFOTJPOBM GPSN 5IF
OPOEJNFOTJPOBM GSFFJOUFSGBDF 4UFGBOT QSPCMFN JT UIFO USBOTGPSNFE JOUP B
DPVQMFE BEWFDUJPOEJGGVTJPO QSPCMFN PO B GJYFE EPNBJO 5IJT BMMPXT OVNFSJDBM
JOUFHSBUJPO XJUIPVU OFDFTTJUBUJOH SFNFTIJOH BU FWFSZ UJNF TUFQ PS PUIFS
TPQIJTUJDBUFE UFDIOJRVFT CVU JOUSPEVDFT B TJOHVMBSJUZ BT UIF QPTJUJPO PG UIF
TPMJEMJRVJE JOUFSGBDF BQQSPBDIFT [FSP 	UIF TVSGBDF
 8F GJOE BTZNQUPUJD
TPMVUJPOT GPS FBSMZ UJNFT XIFSF UIF TJOHVMBSJUZ PDDVST BOE VTF UIFN BT BO JOJUJBM
DPOEJUJPO JO UIF OVNFSJDBM TPMVUJPO PG UIF GVMM FRVBUJPO TZTUFN 8IFO UIF
NBUFSJBM TPMJEJGJFT UIF FRVBUJPOT PODF BHBJO EJWFSHF BOE XF FOGPSDF NBTT
DPOTFSWBUJPO PG UIF TPMVUF OFBS UIF TVSGBDF *O UIJT TFDUJPO XF EFTDSJCF UIF
NBQQJOH BOE UIF BZNQUPUJD NBUDIJOH UIF NFUIPET GPS OVNFSJDBM JOUFHSBUJPO
UIF BTZNQUPUJD TPMVUJPO GPS FBSMZ UJNFT USFBUNFOU PG UIF JOGJOJUF CPVOEBSZ
DPOEJUJPO BOE FOGPSDFNFOU PG NBTT DPOTFSWBUJPO BU UIF FOE PG UIF TJNVMBUJPO

 /POEJNFOTJPOBM GPSN PG UIF FRVBUJPOT
8F JOUSPEVDF DIBSBDUFSJTUJD TDBMFT GPS MFOHUI - UFNQFSBUVSF ϋ DPODFOUSBUJPO
$ UJNF ӑ BOE UIFSNBM EJGGVTJWJUZ Ӆ∗ӑ TVDI UIBU
Y = -Yˆ 	

5 = ϋ5ˆ+ 5BNCJFOU 	

$ = $$ˆ 	

U = ӑUˆ 	

Ӆ5 = Ӆ∗5Ӆ5 	

"MM EJGGVTJPO DPOTUBOUT BSF OPSNBMJ[FE CZ% = -ӑ  8F TFU
ϋ = 5NFMU − 5BNCJBOU TP UIBU 5ˆNFMU =  BOE 5ˆBNCJFOU =  5IF OPO EJNFOTJPOBM
FWPMVUJPO FRVBUJPOT GPS 5ˆ $ˆ BOE Iˆ BSF
5ˆUˆ =
(
%ˆ55ˆYˆ
)
Yˆ 	

$ˆUˆ =
(
%ˆE$ˆYˆ
)
Yˆ 	

IˆˆU = A
[−Ӆˆ55ˆYˆ] 	
[
$ˆ
]
IˆˆU = −%ˆE$ˆYˆ|Yˆ=Iˆ− 	

XJUI UIF SFTDBMFE UIFSNBM EJGGVTJWJUZ
A = ϋӑӅ
∗
5
--7
	

BT UIF SFNBJOJOH OPOEJNFOTJPOBM QBSBNFUFS 5IFTF BSF TVQQMFNFOUFE CZ UIF
OPOEJNFOTJPOBM CPVOEBSZ DPOEJUJPOT GPS UFNQFSBUVSF 5ˆ→  GPS Yˆ→∞ BOE
BU UIF TVSGBDF (Yˆ = ) XIFSF 5ˆYˆ =  5IF CPVOEBSZ DPOEJUJPO GPS UIF
DPODFOUSBUJPO BOE JOUFSGBDF SFTQPOTF GVODUJPO DBO CF NBEF OPOEJNFOTJPOBM
VTJOH UIF TBNF TDBMFT 8F OPX ESPQ UIF IBU GPS DPOWFOJFODF BOE BMM RVBOUJUJFT
JO 4FDUJPO  BSF OPOEJNFOTJPOBM VOMFTT FYQMJDJUMZ NFOUJPOFE

 .BQQJOH FRVBUJPOT UP B GJYFE DPNQVUBUJPOBM EPNBJO
.PWJOH CPVOEBSJFT MJLF UIF POF BU Y = I(U) BSF OVNFSJDBMMZ EJGGJDVMU UP IBOEMF
BOE SFRVJSF TPQIJTUJDBUFE NFTIJOH UFDIOJRVFT XIFSF UIF NFTI DIBOHFT BT UIFO
JOUFSGBDF NPWFT 5P BWPJE UIFTF QSPCMFNT BOE VTF B TUSBJHIUGPSXBSE
EJTDSFUBUJ[BUJPO VTJOH GJOJUF EJGGFSFODFT XF NBQ UIF QSPCMFN UP B GJYFE EPNBJO CZ
USBOTGPSNJOH Y→ YI(U) 
5IF FRVBUJPOT BSF NBQQFE UP B GJYFE EPNBJO UISPVHI UIF GPMMPXJOH
USBOTGPSNBUJPOT ∂U → ∂U − Y′ IUI ∂Y BOE ∂Y → I∂Y 5IJT USBOTGPSNBUJPO NBQT
UIF FRVBUJPOT UP B GJYFE EPNBJO XIFSF UIF TPMJEMJRVJE CPVOEBSZ GJYFE BU Y′ = 
0NJUUJOH UIF QSJNF UIF FRVBUJPOT BSF OPX XSJUUFO BT UIF GPMMPXJOH
BEWFDUJPOEJGGVTJPO FRVBUJPOT
I5U = (%(M)5 5Y)Y + YIIU5Y, Y ∈ [, ] 	

I5U = (%(T)5 5Y)Y + YIIU5Y, Y ∈ [,∞] 	

I$U = (%(M)E $Y)Y + YIIU$Y, Y ∈ [, ] 	

	

5IF TZTUFN JT EFTDSJCFE CZ UISFF DPVQMFE TFDPOE PSEFS 1%&T XIJDI EFQFOE
PO UIF JOUSJOTJD EZOBNJD QBSBNFUFS I BU UIF JOUFSGBDF EVF UP SFTDBMJOH 8F OFFE
FRVBUJPOT EFTDSJCJOH UIF NPUJPO PG UIF JOUFSGBDF
IIU = A[−Ӆ55Y] 	

($|Y= − $4)IIU = −%E$Y|Y=− 	

IU = Ӊˆ(5− ) 	

5IFTF BSF UIF DPOTFSWBUJPO PG FOFSHZ BO TPMVUF BU UIF JOUFSGBDF BOE UIF JOUFSGBDF
SFTQPOTF GVODUJPO XIFSF Ӊˆ JT UIF LJOFUJD VOEFSDPPMJOH DPFGGJDJFOU OPSNBMJ[FE CZ
-
ӑϋ 8F BMTP SFRVJSF UIF DPOUJOVJUZ PG UIF UFNQFSBUVSF GJFME 5P DMPTF UIF
FRVBUJPOT GPS UFNQFSBUVSF XF OFFE CPVOEBSZ DPOEJUJPOT GPS UFNQFSBUVSF BU

Y→  BOE BU UIF TVSGBDF Y =  5IFTF BSF UIF TBNF BT CFGPSF CVU XJUI
OPOEJNFOTJPOBM UFNQFSBUVSF BOE DPODFOUSBUJPO
5P DMPTF UIF DPODFOUSBUJPO FRVBUJPOT XF OFFE DPOEJUJPOT BU UIF JOUFSGBDF BT
XFMM BT UIF TVSGBDF 'PS UIF DPODFOUSBUJPO GMVY CPVOEBSZ DPOEJUJPO UIF FRVBUJPO
CFDPNFT
$Y|Y= = I+D(1, T). 	

5IF DPOEJUJPO BU UIF JOUFSGBDF GPS DPODFOUSBUJPO JT
$4 =
LF + IUW%
+ IUW%
$|Y=, IU < . 	

XIFSF W% IBT CFFO OPSNBMJ[FE CZ -ӑ 
8F DBO OPX OVNFSJDBMMZ TPMWF UIFTF FRVBUJPO VTJOH B $SBOL/JDPMTPO TDIFNF
XJUI GJOJUF EJTDSFUJ[BUJPO JO TQBDF
8IJMF UIJT USBOTGPSNBUJPO NBLFT OVNFSJDBM NFTIJOH UP EJTDSFUJ[F UIFTF
FRVBUJPOT FBTJFS JU EPFT JOUSPEVDF B TJOHVMBSJUZ BT I→  5IF TJOHVMBSJUZ JT B
QSPCMFN BU FBSMZ UJNFT TJODF UIFSF JT OP MJRVJE MBZFS BU U =  BOE BHBJO BT UIF
NBUFSJBM TPMJEJGJFT BU UIF FOE PG UIF NFMUJOH EZOBNJDT "U UIF FOE PG UIF
TJNVMBUJPO UIF JOUFSGBDF BQQSPBDIFT UIF TVSGBDF BU B DPOTUBOU WFMPDJUZ TP JU JT
TJNQMF UP FOE UIF TJNVMBUJPO BU B GJOJUF I BOE UIFO FYUSBQPMBUF UIF CFIBWJPS UP
I =  5IF CFIBWJPS JO FBSMZ UJNFT JT NPSF DPNQMJDBUFE BOE XF NVTU EFWFMPQ BO
BTZNQUPUJD TPMVUJPO GPS FBSMZ UJNF
 "TZNQUPUJD TPMVUJPO BU FBSMZ UJNFT
8F EFWFMPQ BO BTZNQUPUJD TPMVUJPO GPS UIF JOJUJBM NFMUJOH QIBTF CZ BTTVNJOH
DPOTUBOU WFMPDJUZ 	I = 6U 
 GPS FBSMZ UJNFT 8JUI UIFTF BTTVNQUJPOT XF DBO XSJUF
B (SFFOT GVODUJPO GPSNVMBUJPO PG UIF EZOBNJDT GPS TIPSU UJNFT 8F UIFO DIFDL
UIF WBMJEJUZ PG UIFTF BTTVNQUJPOT
8F XSJUF UIF IFBU EJGGVTJPO JO UXP EPNBJOT DPVQMFE CZ UIF KVNQ DPOEJUJPO GPS

UIF EFSJWBUJWF BT FRVJWBMFOU UP
5U = (%55Y)Y − һIUҾ(Y− I(U)) 	

XIFSF һ = -W$ӏϋ 8F BTTVNF%5 DPOTUBOU BOE TFU JU UP UIF EJGGVTJWJUZ BU UIF
UFNQFSBUVSF BU UIF TVSGBDF BU U =  BT EFUFSNJOFE CZ FRVBUJPO 	

5IF NFMUJOH JOUFSGBDF DPOTUJUVUFT B NPWJOH IFBU TJOL XIPTF EZOBNJDT BSF
EFTDSJCFE CZ UIF JOUFSGBDF SFTQPOTF GVODUJPO
IU = Ӊ(5− 5NFMU). 	

8F FYQSFTT UIF UFNQFSBUVSF TPMVUJPO JO UFSNT PG (SFFOT GVODUJPOT
5(Y, U) =
∫ ∞

EY′5(Y, U = )G(Y, Y′, U′, )
− һ
∫ U

EU′IU(U′)G(Y, I(U′), U, U′)
	

XJUI UIF (SFFOT GVODUJPO
((Y, Y, U, U) =
√
Ӎ%5(U− U)
(
F−
(Y−Y)
%5(U−U) + F−
(Y+Y)
%5(U−U)
)
. 	

)FSF UIF TQBUJBM JOUFHSBM EFTDSJCFT UIF JOGMVFODF PG UIF JOJUJBM UFNQFSBUVSF
QSPGJMF 5IF UJNF JOUFHSBM EFTDSJCJOH UIF NFMUJOH EZOBNJDT DPOUBJOT UIF TPVSDF
UFSNT XIJDI DPMMBQTF UP B QVSF UJNF JOUFHSBM EVF UP UIF TQBUJBM EFMUB GVODUJPO JO
UIF TPVSDF
"TTVNJOH IU = 6 GPS TPNF TNBMM UJNF U˜XF FWBMVBUF UIF UFNQFSBUVSF BU UIF
JOUFSGBDF $PNCJOFE XJUI UIF JOUFSGBDF SFTQPOTF GVODUJPO
IU = Ӊˆ(5(I, U˜− ) = 6XF IBWF BO JOUFHSBM FRVBUJPO GPS UIF VOLOPXO WFMPDJUZ

6
6
Ӊ
+ 5NFMU =
∫ ∞

EY′5(Y, U = )G(6˜U, Y′, U˜′, )
− һ6
∫ U˜

EU′G(6˜U, I(U′), U˜, U′)
	

8F DBO OVNFSJDBMMZ FWBMVBUF CPUI JOUFHSBMT "DDVSBUF JOUFHSBUJPO PG UIF UJNF
JOUFHSBM SFRVJSFT B USBOTGPSNBUJPO PG U→ ӑ = √U˜− U UP SFNPWF EJWFSHFODF BU
U = U˜ 8F DBO UIFO TPMWF GPS UIF JOJUJBM WFMPDJUZ6 CZ TPMWJOH FRVBUJPO 	

VTJOH UIF /FXUPO.FUIPE 0ODF XF IBWF GPVOE6XF DBO GJOE UIF XIPMF
UFNQFSBUVSF GJFME CZ OVNFSJDBMMZ JOUFHSBUJOH FRVBUJPO 	
 XJUI IU = 6 BU UJNF
U˜
8F NVTU TFMFDU B UJNF U˜ TVDI UIBU UIF BTTVNQUJPO PG DPOTUBOU JOUFSGBDF WFMPDJUZ
JT WBMJE 8F DIFDL XIFUIFS XF IBWF DIPTFO B TNBMM FOPVHI UJNF CZ TJNVMBUJOH
UIF GVMM FWPMVUJPO GPS U˜ = U∗ BOE U˜ = U∗ BOE UIFO NBLJOH TVSF UIF SFMBUJWF FSSPS JT
TNBMMFS UIBO  
 $POTFSWBUJPO PG NBTT VQPO TPMJEJGJDBUJPO
"T I→  EVSJOH TPMJEJGJDBUJPO XF NVTU TUPQ UIF TJNVMBUJPO CFGPSF I CFDPNFT
UPP TNBMM BOE FYUSBQPMBUF UIF CFIBWJPS 8F BSF OPU DPODFSOFE XJUI UIF FYBDU
TIBQF PG UIF DPODFOUSBUJPO QSPGJMF XJUIJO UIF GJSTU IVOESFEUIT PG B ON BU UIF
TVSGBDF CVU XF EP XBOU NBJOUBJO DPOTFSWBUJPO PG NBTT GPS UIF TVMGVS 4P XF TUPQ
UIF TJNVMBUJPO BU TNBMM I BOE UIFO FOGPSDF DPOTFSWBUJPO PG NBTT 'PS TJNQMJDJUZ
XF FYUSBQPMBUF UIF DPODFOUSBUJPO GJFME BT B HBVTTJBO UP UIF TVSGBDF
$ = #+ "F(−
I
) ). 	

8F DIPPTF MFOHUI TDBMF) UP CF TVGGJDJFOUMZ TNBMM DPNQBSFE UP I 5IF DPFGGJDJFOUT
" BOE # BSF DIPTFO TP UIBU NBTT JT DPOTFSWFE BOE UIF DPODFOUSBUJPO BU INBUDIFT
UIF DPODFOUSBUJPO JO UIF TPMJE BU UIF FOE PG UIF TJNVMBUJPO

 5SFBUNFOU PG JOGJOJUF CPVOEBSZ DPOEJUJPO GPS UFNQFSBUVSF
(FOFSBMMZ UP EFBM XJUI UIF JOGJOJUF CPVOEBSZ DPOEJUJPO OVNFSJDBMMZ XF XPVME
DIPPTF B WBMVF -∞ MBSHF FOPVHI UIBU DIBOHJOH JU IBT OFHMJHJCMF FGGFDUT PO UIF
EZOBNJDT )PXFWFS BO FGGFDUJWF CPVOEBSZ DPOEJUJPO BU GJOJUF EJTUBODF DBO CF
EFSJWFE CZ BTZNQUPUJDT 'BS BXBZ GSPN UIF NFMUJOH QSPDFTT UIF EZOBNJDT BSF
TJNQMZ IFBU EJGGVTJPO 8F DBO UIJOL PG UIF QIBTF DIBOHFT IBQQFOJOH BU UIF
TVSGBDF BT B UJNF EFQFOEFOU TJOL 	EVSJOH NFMUJOH
 PS TPVSDF 	EVSJOH
TPMJEJGJDBUJPO
 BU Y =  'PS Y′ >>
√
%5U UIFTF TPSVDF UFSNT BSF JSSFMFWBOU
"EEJUJPOBMMZ WFSZ GBS GSPN UIF TVSGBDF UIF MBTFS JOUFOTJUZ IBT POMZ POF MFOHUI
TDBMFE EFUFSNJOFE CZ UIF MJOFBS BCTPSQUJPO 5IFSFGPSF UIF JOJUJBM UFNQFSBUVSF JT
XFMM BQQSPYJNBUFE CZ FYQPOFOUJBMT MPDBMMZ BU Y′
5(Y′, U∗) = 5(Y∗, U∗)F−
Y′−Y∗
Ӈ(Y∗) 	

XIFSF Ӈ JT UIF BQQSPQSJBUF MFOHUI TDBMF TFU CZ UIF JOJUJBM UFNQFSBUVSF QSPGJMF BU Y′
Ӈ(Y′) = − [ EEY MPH5(Y′, U = )]−
'SPN UIJT XF DBO JNNFEJBUFMZ GJOE UIF UJNF FWPMVUJPO GBS GSPN PUIFS TJOLT PS
TPVSDFT XIFSF POMZ EJGGVTJPO JT SFMFWBOU
5(Y, U) = 5(Y, U∗)F
%
Ӈ(Y∗) (U−U∗). 	

5IJT FRVBUJPO JT WBMJE GPS |U− U∗| << Ӈ% BOE |Y′ − Y∗| << Ӈ(Y∗)
 ĉFSNBM QSPėMF FWPMVUJPO EVSJOH NFMUJOH BOE SFTPMJEJėDBUJPO
0VS TJNVMBUJPO BMMPXT VT UP QSPCF UIF UFNQFSBUVSF FWPMVUJPO PWFS UJNF JO EFUBJM
OPU DVSSFOUMZ BWBJMBCMF JO FYQFSJNFOU 1BSBNFUFST GPS UIF TJNVMBUJPOT BSF UIPTF JO
UBCMF  PS BT OPUFE JO UIF GJHVSFT 8F DBO MPPL BU UIF UFNQFSBUVSF QSPGJMF JO
UIF NBUFSJBM EVSJOH UIF NFMUJOH BOE TPMJEJGJDBUJPO QSPDFTT 'JH  5IF
JOUFSGBDF NPWFT EFFQFS JOUP UIF NBUFSJBM EVSJOH NFMUJOH TMPXT BT UIF

6B;m`2 kX9XR, aMTb?Qib Q7 i2KT2`im`2 2pQHmiBQM 7`QK bBKmHiBQM rBi? Hb2`
~m2M+2- 1GMVY = .[ L+N ]- M/ MQMHBM2` #bQ`TiBQM +Q2{+B2Mi- Ҽ = F[N GTL+ ]X
h2KT2`im`2 T`Q}H2b Q7 K2HiBM; UU 4 yXy9- yXy3- yXjk MbV- b22 6B;X kX9Xk 7Q`
KQ`2 /2iBH- M/ bQHB/B}+iBQM UU 4 yXNk -9XNk MbV- b22 6B;X kX9X9 7Q` KQ`2
/2iBH- r?2`2 i?2 BMi2`7+2 TQbBiBQM Bb K`F2/ BM #H+FX h?2 i`MbBiBQM 7`QK
K2HiBM; iQ bQHB/B}+iBQM ?TT2Mb i i 4 yXj3 Mb- b22 6B;X kX9Xj 7Q` KQ`2 /2iBHX

6B;m`2 kX9Xk, aMTb?Qib Q7 i2KT2`im`2 2pQHmiBQM 7`QK bBKmHiBQM rBi? Hb2`
~m2M+2- 1GMVY = .[ L+N ]- M/ MQMHBM2` #bQ`TiBQM +Q2{+B2Mi- Ҽ = F[N GTL+ ]Xh2KT2`im`2 T`Q}H2b Q7 K2HiBM; r?2`2 i?2 BMi2`7+2 TQbBiBQM Bb K`F2/ BM
#H+FX h?2 i`MbBiBQM 7`QK K2HiBM; iQ bQHB/B}+iBQM ?TT2Mb i i 4 yXj3 MbX
h?2 BMi2`7+2 Bb KQpBM; rv 7`QK i?2 bm`7+2 /22T2` BMiQ i?2 Ki2`BHX

6B;m`2 kX9Xj, aMTb?Qib Q7 i2KT2`im`2 2pQHmiBQM 7`QK bBKmHiBQM rBi? Hb2`
~m2M+2- 1GMVY = .[ L+N ]- M/ MQMHBM2` #bQ`TiBQM +Q2{+B2Mi- Ҽ = F[N GTL+ ]Xh2KT2`im`2 T`Q}H2b `QmM/ i?2 iBK2 Q7 i`MbBiBQM 7`QK K2HiBM; iQ bQHB/B7vBM;-
r?2`2 i?2 BMi2`7+2 TQbBiBQM Bb K`F2/ BM #H+FX h?2 i`MbBiBQM 7`QK K2HiBM;
iQ bQHB/B}+iBQM ?TT2Mb i i 4 yXj3 MbX h?2 BMi2`7+2 KQp2b rv 7`QK i?2
bm`7+2 /m`BM; K2HiBM;- bHQrb- biQTb i KtBKmK K2Hi /2Ti?- M/ #2;BMb iQ
KQp2 #+F iQr`/b i?2 bm`7+2 /m`BM; bQHB/B}+iBQMX
UFNQFSBUVSF QSPGJMF GMBUUFOT PVU BOE UIFO NPWFT CBDL UPXBSE UIF TVSGBDF
TPMJEJGZJOH "T UIF NBUFSJBM NFMUT UIF UFNQFSBUVSF QSPGJMF RVJDLMZ EFWFMPQT B LJOL
XIFSF UIF TJOL PG UIF NPWJOH JOUFSGBDF JT MPDBUFE BOE FOFSHZ JT CFJOH VTFE UP
NFMU UIF NBUFSJBM 'JH $MPTF UP UIF USBOTJUJPO CFUXFFO NFMUJOH BOE
TPMJEJGZJOH UIF QSPGJMF GMBUUFOT B HSFBU EFBM TMPXJOH UIF JOUFSGBDF TJODF UIF TQFFE
PG UIF JOUFSGBDF JT SFMBUFE UP UIF HSBEJFOUT 'JH  "T UIF NBUFSJBM TPMJEJGJFT
FOFSHZ JT SFDPWFSFE GSPN UIF JOUFSGBDF TP UIF UFNQFSBUVSF JO UIF MJRVJE JODSFBTFT
TMJHIUMZ 'JH  5IF TQFFE PG TPMJEJGJDBUJPO EFQFOET PO UIF HSBEJFOU 5IF
HSBEJFOU JO UIF MJRVJE JT WFSZ GMBU NBLJOH UIF TPMJEJGJDBUJPO WFMPDJUZ EFQFOEFOU PO
UIF HSBEJFOU JO UIF TPMJE 5IF NBHOJUVEF PG UIF HSBEJFOU JO UIF TPMJE JT TFU JO QBSU

6B;m`2 kX9X9, aMTb?Qib Q7 i2KT2`im`2 2pQHmiBQM 7`QK bBKmHiBQM rBi? Hb2`
~m2M+2- 1GMVY = .[ L+N ]- M/ MQMHBM2` #bQ`TiBQM +Q2{+B2Mi- Ҽ = F[N GTL+ ]Xh2KT2`im`2 T`Q}H2b /m`BM; bQHB/B7vBM;- r?2`2 i?2 BMi2`7+2 TQbBiBQM Bb K`F2/
BM #H+FX h?2 BMi2`7+2 KQp2b iQr`/b i?2 bm`7+2 i Hi2` iBK2X
CZ UIF JOJUJBM UFNQFSBUVSF
5P TVNNBSJ[F UIF NFMUJOH EZOBNJDT XF MPPL BU UIF QPTJUJPO PG UIF TPMJEMJRVJE
JOUFSGBDF PWFS UJNF 'JH  'PS UIF QVSQPTF PG TPMVUF EZOBNJDT UIF HSPXJOH
BOE TISJOLJOH PG UIF MJRVJE SFHJPO BSF NPTU SFMFWFOU 5IF JOUFSGBDF EZOBNJDT BSF B
HPPE TVNNBSZ PG UIF TJ[F PG UIF MJRVJE SFHJPO PWFS UJNF 8F GJOE UIBU UIF
JOUFSGBDF EZOBNJDT BSF DIBSBDUFSJ[FE CZ GBTU NFMUJOH QFSJPE PG BSPVOE U = . OT
EVSJOH XIJDI UIF JOUFSGBDF SBQJEMZ EFDFMFSBUFT 5IF NFMU EFQUI YN JT UIF
NBYJNVN JOUFSGBDF QPTJUJPO 5IF 4JMJDPO TPMJEJGJFT BU BO BMNPTU DPOTUBOU
WFMPDJUZ 5IF UJNF GPS UIF FOUJSF QSPDFTT NFMUJOH BOE TPMJEJGJDBUJPO JT UIF NFMU
EVSBUJPO UN 5IF NFMUJOH EZOBNJDT BSF WFSZ TJNJMBS UP UIPTF JO OBOPTFDPOE MBTFS
NFMUJOH < > FYDFQU UIF NFMUJOH QPSUJPO PG UIF QSPGJMF MPPLT EJGGFSFOU TJODF
UIFSF JT TUJMM FOFSHZ CFJOH BEEFE UP UIFZ TZTUFN GPS TFWFSBM OBOPTFDPOET BOE UJNF
UP NFMU JT MPOHFS 8F MPPL BU UIF WBSJBUJPO PG UIF JOUFSGBDF EZOBNJDT B SBOHF PG
MBTFS GMVFODF BOE OPOMJOFBS BCTPSQUJPO DPFGGJDJFOUT JO 'JH  TJODF UIFTF BSF

6B;m`2 kX9X8, amKK`v Q7 K2HiBM; /vMKB+b 7QmM/ 7`QK bBKmHiBQM rBi? Hb2`
~m2M+2- 1GMVY = .[ L+N ]- M/ MQMHBM2` #bQ`TiBQM +Q2{+B2Mi- Ҽ = F[N GTL+ ]Xh?2 TQbBiBQM Q7 i?2 bQHB/ HB[mB/ BMi2`7+2 Qp2` iBK2 /2b+`B#2b i?2 K2HiBM; /v@
MKB+bX h2KT2`im`2 T`Q}H2b Q7 K2HiBM; U`2/ BM BMb2i "V i U = .[OT] M/
`2bQHB/B}+iBQM U#Hm2 BM BMb2i "V i U = .[OT] r?2`2 i?2 BMi2`7+2 TQbBiBQM Bb
i I = [ON] M/ I = [ON] `2bT2+iBp2HvX h?2 K2Hi /vMKB+b BM UV `2
r2HH /2b+`B#2/ #v i?2 iBK2 iQ K2Hi- U- i?2 K2Hi /2Ti? YN- i?2 `2bQHB/B}+iBQM
p2HQ+Biv- WS- M/ i?2 K2Hi /m`iBQM- UNX
UIF MFBTU LOPXO QBSBNFUFST 5IF HFOFSBM USJBOHVMBS TIBQF PG UIF JOUFSGBDF
EZOBNJDT EPFT OPU DIBOHF PWFS UIF SBOHF PG QBSBNFUFST XF BSF JOUFSFTUFE JO "MM
QSPGJMFT BSF XFMM EFTDSJCFE CZ NFMU EFQUI UJNF UP NFMU NFMU EVSBUJPO
TPMJEJGJDBUJPO WFMPDJUZ 5IFSF BSF FYQFSJNFOUBM CPVOET PO UIFTF DIBSBDUFSJTUJDT
8F XPVME MJLF UP GJOE UIF SBOHF PG MBTFS GMVFODF 1GMVY BOE OPOMJOFBS BCTPSQUJPO
DPFGGJDJFOUT Ҽ XIJDI QSPEVDF NFMUJOH EZOBNJDT XJUIJO PVS FYQFSJNFOUBM CPVOET
(JWFO UIF DPOTUSBJOUT PO NFMU EFQUI  < YN <  ON BOE TPMJEJGJDBUJPO
WFMPDJUZ WS <  NT  BT XFMM BT UIF GBDU UIBU UIF TPMJEJGJDBUJPO WFMPDJUZ JT
BQQSPYJNBUFMZ DPOTUBOU XF DBO TFU B MPXFS CPVOE GPS UIF NFMU EVSBUJPO *G UIF

6B;m`2 kX9Xe, AMi2`7+2 /vMKB+b 7Q` p`BQmb +QK#BMiBQMb Q7 Hb2` ~m2M+2-
1GMVY- M/ MQMHBM2` #bQ`TiBQM +Q2{+B2Mib- ҼX Pi?2` T`K2i2`b `2 ?2H/ }t2/
M/ `2 r2HH FMQrM- b22 i#H2 kXkXRX q2 Q#iBM  p`B2iv Q7 bQHB/@HB[mB/ BMi2`@
7+2 /vMKB+b- HH Q7 r?B+? `2 r2HH +?`+i2`Bx2/ #v K2Hi /2Ti?- bQHB/B}+iBQM
p2HQ+Biv- iBK2 iQ K2Hi- M/ K2Hi /m`iBQMX

NFMU EFQUI JT  ON UIFO UIF EVSBUJPO NVTU CF MBSHFS UIBO  OT 1SFMJNJOBSZ
FYQFSJNFOUT JO UIF.B[VS HSPVQ PO UIF NFMU EZOBNJDT QVU BO VQQFS MJNJU PO UIF
NFMU EVSBUJPO PG  OT HJWJOH VT B SBOHF PG  < UN <  OT <VOQVCMJTIFE EBUB>
5IFTF NFBTVSFNFOUT IBWF BCPVU  OT MBH UJNF EVF UP UIF EFMBZ SFTQPOTF PG UIF
EFUFDUPS JU JT MJLFMZ UIBU UIF NFMU EVSBUJPO JT DMPTF UP  OT *G UIF NFMU EFQUI JT
TIPSUFS UIFO UIF MPXFS CPVOE DBO CF TNBMMFS 'PS  ONNFMU EFQUI UIF MPXFS
CPVOE XPVME CF  OT
8F OVNFSJDBMMZ TPMWF UIF FRVBUJPOT PWFS B SBOHF PG OPOMJOFBS BCTPSQUJPO BOE
MBTFS GMVFODF 'JH  8F QJDL QBJST PG WBMVFT PG OPOMJOFBS BCTPSQUJPO
DPFGGJDJFOUT BOE MBTFS GMVFODFT XIJDI SFTVMU JO NFMU EFQUIT PG    BOE
 ON 8F UIFO DBMDVMBUF UIF NFMU EFQUI BOE TPMJEJGJDBUJPO WFMPDJUZ GPS FBDI
QBSBNFUFS QBJS BT TIPXO JO 'JH  8F GJOE UIBU UIF FYQFSJNFOUBM DPOTUSBJOUT
PO NFMU EFQUI TPMJEJGJDBUJPO WFMPDJUZ BOE NFMU EVSBUJPO DPOTUSBJO XIJDI QBJST
BSF SFBTPOBCMF 5IF FYQFSJNFOUBM DPOTUSBJOUT BSF NBSLFE BT HSBZ MJOFT JO 'JH
 NBSLJOH WS =  NT BOE UJNF UP SFTPMJEJGZ  OT *G UIF NFMUJOH EZOBNJDT BSF
OPU WBSZJOH GSPN TIPU UP TIPU XF FYQFDU UIF NFMUJOH EZOBNJDT SFTVMUJOH JO
YN ≈  ON TJODF TVMGVS JT PCTFSWFE BU MFBTU UIBU EFFQ JO UIF NBUFSJBM /PUBCMZ
UIJT XPVME SFTVMU JO B SBOHF PG QPTTJCMF TPMJEJGJDBUJPO WFMPDJUJFT GSPN
 < WS <  NT BT TIPXO JO 'JH 	UIF SBOHF PG SFTPMJEJGJDBUJPO WFMPDJUJFT BU
 ONNFMU EFQUI CFUXFFO SFE EPU BOE CMVF TUBS
 *G XF BMTP BTTVNF UIBU UIF
NBUFSJBM BDUVBMMZ BCTPSCT  PG UIF GMVFODF UIFO UIF CFTU QBSBNFUFST BSF
1GMVY = . L+N BOE Ҽ = .F
NGT
L+  SFTVMUJOH JO B  ONNFMU EFQUI XJUI B
TPMJEJGJDBUJPO WFMPDJUZ PG  NT BOE BSPVOE  OT NFMU EVSBUJPO 	SFE EPU BU  ON
NFMU EFQUI JO 'JH 

*G UIF NFMUJOH EZOBNJDT BSF WBSZJOH GSPN TIPU UP TIPU XF GJOE UIBU B DIBOHF JO
UIF OPOMJOFBS BCTPSQUJPO DPFGGJDJFOU PG BCPVU  XJMM JODSFBTF UIF NFMU EFQUI
GSPN  UP  ON 	TFF SBOHF PG Ҽ WBMVFT JO 'JH 
 *U JT QPTTJCMF UIBU FJUIFS UIF
JNQMBOUFE TVMGVS PS TPNF QIZTJDBM DIBOHF UP UIF NBUFSJBM XPVME JODSFBTF UIF
TJMJDPOT BCTPSQUJPO BGUFS MBTFS JSSBEJBUJPO
5IFSF JT FWJEFODF UIBU NFMUJOH JT OPOUIFSNBM GPS GTMBTFS NFMUJOH BU UIFTF

6B;m`2 kX9Xd, J2Hi /2Ti? M/ bQHB/B}+iBQM p2HQ+Biv `2bmHiBM; 7`QK p`BQmb Ҽ
M/ 1GMVY pHm2bX h?2 bQHB/B}+iBQM p2HQ+Biv Kmbi #2- WS < NT M/ i?2 K2Hi
/m`iBQM Bb #QmM/2/ #v OT < UN < OT M/ Bb KQbi HBF2Hv- UN < OTX h?2`27Q`2
r2 ?p2  `M;2 Ҽ M/ 1GMVY pHm2b r?B+? rBHH ;Bp2 /Bz2`2Mi p2HQ+BiB2b- M/ K2Hi
/m`iBQM- #mi T`Q/m+2 i?2 bK2 K2Hi /2Ti?X A7 r2 bbmK2 9yW `2~2+iBQM Q7 
2tT2`BK2MiH ~m2M+2 1GMVY = .- r2 +M }M/ i?2 `M;2 Q7 MQMHBM2` #bQ`TiBQM-
Ҽ- M22/2/ iQ T`Q/m+2 - - - M/  ON K2Hi /2Ti?b U`2/ /QibVX

GMVFODFT < > /POUIFSNBM NFMUJOH XPVME NFBO UIBU JOTUFBE PG NFMUJOH GSPN
UIF TVSGBDF UIFSF XPVME CF IPNPHFOFPVT NFMUJOH UISPVHIPVU TPNF SFHJPO PG
UIF NBUFSJBM PO UIF UJNF TDBMF PG QJDPTFDPOET 8IJMF XF EP OPU LOPX IPX UIJT
XPVME FGGFDU UIF EZOBNJDT JU XPVME EFGJOJUFMZ TIPSUFO UIF UJNF UP NFMU UP NVDI
MFTT UIBO UIF . OT JU UBLFT JO PVS TJNVMBUJPO "TTVNJOH JU EPFT OPU BGGFDU UIF
UFNQFSBUVSF QSPGJMF PVUTJEF UIF NFMUFE SFHJPO NVDI FTQFDJBMMZ TJODF UIF
OPOUIFSNBM NFMUJOH IBQQFOT PO TVDI B TIPSU UJNF TDBMF 5IFSF JT B QPTTJCJMJUZ
UIBU UIF TPMJEGJDBUJPO XPVME CF VOBGGFDUFE 5IF SFTVMU XPVME CF BO NPSF TIBSQMZ
USJBOHVMBS NFMUJOH EZOBNJD UIBO JT TFFO JO 'JH 
(JWFO UIBU XF IBWF B CFUUFS JEFB PG UIF SBOHF PG UIF VOLOPXO QBSBNFUFS Ҽ
GSPN UIJT TUVEZ XF JOWFTUJHBUF UIF TPMVUF EZOBNJDT
 4PMVUF %ZOBNJDT
8IFO UIF TJMJDPO JT MJRVJE TVMGVS DBO EJGGVTF XJUIJO UIF TJMJDPO 5IF NFMUJOH
EZOBNJDT TFU UIF TJ[F PG UIF MJRVJE SFHJPO PWFS UJNF 5IF MPOHFS B SFHJPO JT MJRVJE
UIF NPSF UJNF UIF TVMGVS IBT UP EJGGVTF BOE FRVJMJCSBUF XJUIJO UIF SFHJPO 4JODF
UIF NBUFSJBM OFBS UIF TVSGBDF JT NPMUFO UIF MPOHFTU TVMGVS XJMM IBWF B MPOHFS
FGGFDUJWF EJGGVTJPO UJNF OFBS UIF TVSGBDF UIBO EFFQFS JOUP UIF NBUFSJBM
$POTFRVFOUMZ UIF TPMVUF EZOBNJDT BSF NPSF DPNQMJDBUFE UIBO TJNQMF EJGGVTJPO
EVSJOH UIF NFMU EVSBUJPO 5IF EZOBNJDT XJMM CF FWFO GVSUIFS DPNQMJDBUFE JG UIF
NFMUJOH EZOBNJDT WBSZ GSPN TIPU UP TIPU
5IF NFDIBOJTN CZ XIJDI BO BETPSCFE MBZFS PG TVMGVS XJMM FOUFS UIF NBUFSJBM JT
VOLOPXO 8F FYBNJOF UIF UXP TJNQMFTU BTTVNQUJPOT 5IF BETPSCFE MBZFS DPVME
BDU BT B TIBSQ JOJUJBM DPOEJUJPO EFTDSJCFE JO FRVBUJPO  TVDI UIBU JU BMM FOUFST
UIF NBUFSJBM JO B TJOHMF EPTF XIJDI XF DBMM uJOTUBOU EPTFu *OTUFBE PG BMM HFUUJOH JO
BU U =  UIF MBZFS DPVME UBLF UJNF UP EJGGVTF JOUP UIF NBUFSJBM BOE FOUFS BT B GMVY
8F BTTVNF JU XPVME BDU BT B DPOTUBOU GMVY -BTU PG BMM JU DPVME CF TPNF
DPNCJOBUJPO PG UIF UXP 8F DPNQBSF UIF DPODFOUSBUJPO QSPGJMF XIFSF UIF UPUBM
EPTF PG TVMGVS JOUFHSBUFE JOUP TJMJDPO DPNFT GSPN UIF JOTUBOU EPTF JO UIF JOJUJBM

6B;m`2 kX8XR, aBM;H2 b?Qi bBKmHiBQM 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M/ MQMHBM2` #bQ`T@
iBQM +Q2{+B2Mi- Ҽ = F[N GTL+ ]X q2 2Bi?2` bbmK2 M BMbiMi /Qb2 Bb +QMiBM2/
BM i?2 BMiBH +QM/BiBQM rBi? MQ ~mt #QmM/`v +QM/BiBQM U/`F #Hm2V Q` bbmK2
MQ /Qb2 BM i?2 BMBiBH +QM/BiBQM M/  +QMbiMi ~mt UHB;?i #Hm2VX "Qi? +QM+2M@
i`iBQM T`Q}H2b +QMiBM i?2 bK2 BMi2;`i2/ /Qb2X
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DPOEJUJPO 	XJUI OP GMVY CPVOEBSZ DPOEJUJPO
 UP B QSPGJMF XIFSF UIF UPUBM EPTF
DPNFT GSPN B DPOTUBOU GMVY BU UIF CPVOEBSZ 	XJUI [FSP JOUJBM DPODFOUBUJPO
 JO
'JH  5IF QSPGJMFT IBWF EJTUJODUJWFMZ EJGGFSFOU BQQFBSBODFT 5IF DPOTUBOU
GMVY DVSWF JT NVDI IJHIFS BU UIF TVSGBDF TJODF TVMGVS FOUFSJOH OFBS UIF FOE PG
TPMJEJGJDBUJPO EPFT OPU IBWF UJNF UP EJGGVTF JOUP UIF NBUFSJBM 'PS UIF JOTUBOU EPTF
DVSWF BMM TVMGVS FOUFST BU UJNF "T B SFTVMU UIFSF JT NVDI NPSF TVMGVS FBSMZ PO BOE
JU QFOFUSBUFT GBSUIFS JOUP UIF TJMJDPO 5IF JOTUBOU EPTF DVSWF JT NVDI GMBUUFS
CFUXFFO  BOE  ON UIFO  BOE  ON TJODF JU IBT NPSF UJNF UP EJGGVTF OFBS
UIF TVSGBDF
5IF TIBSQ VQUVSO BU UIF TVSGBDF JT NPSF WJTJCMF JO UIF JOTUBOU EPTF DVSWF CVU
QSFTFOU JO CPUI DVSWFT 5IF VQUVSO DPNFT GSPN TVMGVS CFJOH SFKFDUFE GSPN UIF
TPMJE QIBTF BT UIF TJMJDPO TPMJEJGJFT *U DBOOPU FTDBQF PVU PG UIF TJMJDPO FOUJSFMZ
BOE QJMFT VQ BT UIF JOUFSGBDF BQQSPBDIFT UIF TVSGBDF 5IJT DIBSBDUFSJTUJD JT WJTJCMF
JO UIF IJHIFS QVMTFT PG FYQFSJNFOUBM EBUB 'JH  *G XF JODSFBTF UIF EJGGVTJWF
WFMPDJUZ W% XIJDI TFUT IPX RVJDLMZ UIF TVMGVS DBO EJGGVTF BXBZ GSPN UIF GSPOU XF
TFF BO JODSFBTF JO UIF SFKFDUFE TVMGVS 	'JH 
 8F TJNVMBUF UIF DPODFOUSBUJPO
EZOBNJDT GPS EPTFT BMSFBEZ JNQMBOUFE JO B NBUFSJBM VOEFSHPJOH NVMUJQMF TIPUT
'PS FYBNQMF JO 'JH  XF TJNVMBUF BO JOTUBOU EPTF JO UIF GJSTU TIPU GPMMPXFE CZ
 NPSF TIPUT XJUI OP OFX TVMGVS %VSJOH UIF TVCTFRVFOU TIPUT UIF EPTF GSPN UIF
GJSTU TIPU EJGGVTFT GVSUIFS JOUP UIF NBUFSJBM 8F JOWFTUJHBUF UIF DIBOHF JO TVMGVS
QSPGJMFT JG UIF NFMUJOH EZOBNJDT BSF OPU DPOTUBOU CFUXFFO TIPUT 'JH  *G UIF
NFMU EFQUI JODSFBTF EVF UP JODSFBTFE BCTPSQUJPO GPS JOTUBODF UIF TIBQF PG UIF
QSPGJMF DIBOHFT GSPN B TIBSQ MPPLJOH FYQPOFOUJBM UP UIF QSPGJMF XF IBWF TFFO
QSFWJPVTMZ 5IF TIBSQ QSPGJMF POMZ IBQQFOT XIFO UIF NFMU EVSBUJPO JT WFSZ TIPSU
5P BDIJFWF B NFMU EVSBUJPO TIPSU FOPVHI UP QSFWFOU UIF GPSNBUJPO PG B QMBUFBV
UIF UJNF UP NFMU NVDI CF NVDI TNBMMFS UIBO JT QSFEJDUFE CZ UIF IFUFSPHFOFPVT
UIFSNBM NFMUJOH GSPN UIF TVSGBDF 5IFSFGPSF JO PSEFS GPS B TIPSU NFMU EFQUI BOE
EVSBUJPO UP CF SFTQPOTJCMF GPS UIF FYQPOFOUJBM MPPLJOH QSPGJMFT BU MPX TIPU
OVNCFS UIF NFMUJOH XPVME IBWF UP CF OPOUIFSNBM

6B;m`2 kX8Xk, aBM;H2 b?Qi bBKmH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W% BM+`2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7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bQHpBM; i?2 bQHmi2 /BzmbBQM QMHv- r?2`2 i?2 K2Hi /vMKB+b 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bbmK2/ iQ #2
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8F OFFE UP EFUFSNJOF UIF NFDIBOJTN GPS TPMVUF JODPSQPSBUJPO XIJDI
BDDPVOUT GPS BMM UIF DIBSBDUFSJTUJDT PG UIF TPMVUF QSPGJMFT XJUI WBSZJOH QSFTTVSF BOE
TIPU OVNCFS "U IJHI QSFTTVSF UIF TIBQF PG UIF TPMVUF QSPGJMF DIBOHFT RVJUF
ESBNBUJDBMMZ XJUI JODSFBTJOH TIPUT 5IF QSPGJMF DIBOHFT GSPN B TNPPUI
FYQPOFOUJBM UP B QMBUFBV "T XF IBWF KVTU TIPXO UIFSF BSF UXP NBJO NFDIBOJTNT
GPS DIBOHJOH UIF EJGGVTJPO QSPGJMFT POF JT DIBOHJOH UIF NFMU EVSBUJPO BOE EFQUI
BOE UIF TFDPOE JT CZ DIBOHJOH UIF NFUIPE CZ XIJDI UIF TVMGVS JT JODPSQPSBUFE
JOUP UIF NBUFSJBM
 $PNQBSJTPO UP FYQFSJNFOUBM EBUB
 )ZQPUIFTJT   UIF NFMU EFQUI DIBOHFT BT B GVODUJPO PG TIPUT
*G XF BTTVNF UIBU UIF EPTF HFUT JO BT BO uJOTUBOU EPTFu PS B TIBSQ JOJUJBM DPOEJUJPO
XJUI OP GMVY BU UIF CPVOEBSZ UIFO GPS WFSZ TIPSU NFMU EVSBUJPOT 	ӑN ≈  OT
 XF
HFU TIBSQ FYQPOFOUJBM DVSWFT 	4FF UIF GJSTU QVMTF GSPN TJNVMBUJPO JO 'JH 

8F IBWF GJU CZ FZF TJNVMBUJPOT TJNJMBS UP UIPTF JO 'JH  UP UIF FYQFSJNFOUBM
DPODFOUSBUJPO QSPGJMFT JO 'JH  5IF GJU JT EPOF CZ SFTDBMJOH UIF DPODFOUSBUJPO
QSPGJMF 4JODF UIF DPODFOUSBUJPO JT MJOFBS UIJT JT UIF FRVJWBMFOU PG GJUUJOH UIF UPUBM
EPTF &BDI TJNVMBUJPO JT POMZ POF TIPU CVU UIF FYQFSJNFOUBM EBUB JT BDUVBMMZ GPS
NVMUJQMF TIPUT 5IF EJTDSFQBODZ JO UIF QFOFUSBUJPO EFQUI XPVME CF DPSSFDUFE CZ
TJNVMBUJOH BMM TJY TIPUT 5IF CFIBWJPS OFBS UIF TVSGBDF XIJDI JT UIF CFIBWJPS XF
BSF NPTU JOUFSFTUFE JO XJMM OPU DIBOHF NVDI XIFO BMM TIPUT BSF EPOF DPSSFDUMZ
5IF MBTU TIPU EPNJOBUFT UIF DVSWF TIBQF OFBS UIF TVSGBDF TJODF TVMGVS GSPN
QSFWJPVT TIPUT UIFO EJGGVTFT GVSUIFS JO
 )ZQPUIFTJT   EPTF DPNFT GSPN JOTUBOU EPTF PS GMVFODF
5IF TFDPOE NFDIBOJTN XIJDI XJMM QSPEVDF B USBOTJUJPO GSPN FYQPOFOUJBM DVSWF
UP QMBUFBV JT JG UIF EPTF JODPSQPSBUJPO NFDIBOJTN DIBOHFE GSPN JOTUBOU EPTF UP

6B;m`2 kXeXR, .Qib `2 aAJa /i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HiBQM Bb QMHv QM2 b?Qi- i?2 H2M;i? b+H2 QM i?2b2 +m`p2b Bb BM+Q``2+iXaBM+2 i?2
b?T2 Q7 i?2 +m`p2 i i?2 bm`7+2 Bb KQbiHv /2i2`KBM2/ #v i?2 /Qb2 +QKBM; BM
7`QK i?2 KQbi `2+2Mi b?Qi-  bBM;H2 b?Qi 2tTHBMb i?2 #2?pBQ` M2` i?2 bm`@
7+2X

6B;m`2 kXeXk, 6Bi Q7 bm`7+2 ~mt M/ BMbiMi /Qb2 iQ Ki+? aAJa +QM+2Mi`@
iBQM T`Q}H2b 7Q` b?Qib R- k- 9- M/ e i 8yy iQ``X S2`+2Mi;2 Q7 /Qb2 2Mi2`2/ #v
~mt M/ BMbiMi /Qb2 `2 7QmM/ #v }iiBM; bBKmHiBQMb Q7 M BMbiMi /Qb2 M/
+QMbiMi ~mt 2tT2`B2M+BM; R iQ e b?Qib Q7 Hb2` B``/BiBQM- r?2`2 i?2 K;MB@
im/2 Q7 i?2 +QMbiMi ~mt M/ BMbiMi /Qb2 `2 7`22 T`K2i2`b iQ #2 }ii2/X
GMVY 'PS TJNQMJDJUZ XF BTTVNF UIF NFMUJOH EZOBNJDT BSF OPU DIBOHJOH 5IF
RVFTUJPO JT UIFO IPXNVDI JOTUBOU EPTF BOE IPXNVDI GMVY JT SFRVJSFE UP GJU UIF
FYQFSJNFOUBM EBUB 
8F BTTVNF UIBU UIF EPTF JT JOUFHSBUFE JOUP UIF NBUFSJBM UISPVHI B DPNCJOBUJPO
PG uJOTUBOU EPTFu JO UIF JOJUJBM DPOEJUJPO BOE B DPOTUBOU GMVY CPVOEBSZ DPOEJUJPO
8F GJU UIF DPODFOUSBUJPO QSPGJMFT GPS    BOE  TIPUT CZ BMMPXJOH UIF
DPOUSJCVUJPO GSPN UIF JOJUJBM DPOEJUJPO BOE CPVOEBSZ DPOEJUJPO UP WBSZ JO 'JH
 8F SFQPSU UIF QFSDFOUBHF DPOUSJCVUJOH GSPN FBDI GPS UIFTF GJUT JO 5BCMF
 BT XFMM BT UIF UPUBM EPTF DPNJOH JO GSPN UIBU TIPU 4JODF UIFSF JT VODFSUBJOUZ

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JO UIF GMVFODF BOE OPOMJOFBS BCTPSQUJPO DPFGGJDJFOU XF VTF UIF SBOHF PG WBMVFT
GPVOE UP QSPEVDF B  ONNFMU EFQUI 5IF SBOHF PG TFMFDUFE QBSBNFUFST SFTVMUT
JO B DIBOHF JO UIF TPMJEJGJDBUJPO WFMPDJUZ GSPN  UP NT  0WFS UIJT SBOHF UIF
QSPQPSUJPO PG TVSGBDF GMVY UP JOTUBOU EPTF GPVOE GSPN B GJUUJOH WBSJFT WFSZ MJUUMF
GPMMPXJOH UIF TBNF USFOE OP NBUFS UIF TPMJEJGJDBUJPO WFMPDJUZ 'JH  8F BMTP
GJU EBUB GPS MPX QSFTTVSF 'JH  8F DPNQBSF UIJT UP B TJNVMBUJPO XIFSF XF GJU
UIF GJSTU EPTF PG QSFTTVSF BOE BMMPX EPTF UP EJGGVTF XJUI TVCTFRVFOU TIPUT CVU
BEE OP BEEJUJPOBM EPTF 'JH  'PS MPX QSFTTVSF UIF DPODFOUSBUJPO JO UIF
NBUFSJBM JT MPX FOPVHI UIBU DPOUBNJOBUJPO GSPN UIF TVSGBDF DPVME CF EJTUPSUJOH
UIF 4*.4 EBUB GPS UIF GJSTU GFX ON
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i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KB+b 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i?2 /Qb2 7`QK i?2 2tT2`BK2MiX q2 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iBQM /i #v  ON iQ
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 %JTDVTTJPO
8JUI DVSSFOU EBUB XF BSF VOBCMF UP EJTUJOHVJTI CFUXFFO UIF UXP NFDIBOJTNT GPS
DIBOHJOH DPODFOUSBUJPO QSPGJMF 'VUVSF FYQFSJNFOUT DPVME EJGGFSFOUJBUF CFUXFFO
UIF UXP NFDIBOJTNT GPS DIBOHJOH QSPGJMF TIBQF CZ EFUFSNJOJOH JG UIF BDUVBM NFMU
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L)N(+ %3C
(
%
LD3D
+

3$
− 
S
)
+
һ
,һ$DZUPTPM(S = 3C)
L)N(+ %3C
(
%
LD3D
+

3$
− 
S
)
+ )DBSCPYZTPNF
	"

)FSF UIF DPODFOUSBUJPO PG $0 BU UIF DFMM NFNCSBOF
$DZUPTPM(S = 3C) =
L$N$PVU − ( һ,һ + L$N)$DBSCPYZTPNF
( һ,һ + L
$
N)(+ %3C
(+ $DBSCPYZTPNF 	"

" &RVBUJPOT JO DBSCPYZTPNF
*O UIF DBSCPYZTPNF UIF FRVBUJPOT BSF
∂U$ = %∇$+ 3$" − 33VC 	"

∂U) = %∇)− 3$", 	"


XIFSF UIF FRVBUJPO GPS UIF DBSCPOJD BOIZESBTF SFBDUJPO JT
3$" (),$) =
7CB,DB)− 7DB,CB$
,CB,DB + ,DB)+ ,CB$
	"

)FSF 7CB BOE 7DB BSF UIF NBYJNVN SBUFT PG EFIZESBUJPO BOE IZESBUJPO ,CB BOE
,DB BSF UIF IBMG NBYJNVN DPODFOUSBUJPO SBUFT GPS EFIZESBUJPO BOE IZESBUJPO
5IF FRVBUJPO GPS UIF 3V#JT$0 SFBDUJPO JT
33VC =
7NBY$
$+ ,N
	"

,N = ,′N(+
0
,J
) 	"

)FSF 7NBY JT UIF NBYJNVN SBUF PG DBSCPO GJYBUJPO CZ 3V#JT$0 BOE ,N JT IBMG
NBYJNVN DPODFOUSBUJPO SBUF NPEJGJFE UP JODMVEF DPNQFUJUJWF CJOEJOH XJUI0
0
8F DBO VTF UIF TPMVUJPO JO UIF DZUPTPM UP XSJUF B CPVOEBSZ DPOEJUJPO BU UIF
DBSCPYZTPNF
∂$
∂S
= −"
S
= −
(

3D
)
( һ,һ + L
$
N)$DBSCPYZTPNF − L$N$PVU
( һ,һ + L
$
N)(+ %3C
	"

∂)
∂S
= −#
S
= −
(

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) L)N)DBSCPYZTPNF − (KD + L)N))PVU − һ,һ$DZUPTPM(S = 3C)
L)N(+ %3C
	"

" 3V#JT$0 OFHMJHJCMF JO TFUUJOH VQ $0 DPODFOUSBUJPO
8IFO 3V#JT$0 OFHMJHJCMF XF DBO GJOE UIF TPMVUJPO JO UIF DBSCPYZTPNF BT B
CBMBODF CFUXFFO UIF DBSCPOJD BOIZESBTF EFIZESBUJPO SFBDUJPO BOE FJUIFS UIF
IZESBUJPO SFBDUJPO PS EJGGVTJPO

" $BSCPOJD BOIZESBTF FRVJMJCSBUFT DBSCPO JO DBSCPYZTPNF
*G UIF DBSCPOJD BOIZESBTF SBUF JT GBTUFS UIBO UIF EJGGVTJPO SBUF UIFO EJGGVTJPO XJMM
CF OFHMJHJCMF BOE UIF TPMVUJPO JO UIF DBSCPYZTPNF JT TFU CZ 3$" ≈ 
)DBSCPYZTPNF ≈ 7DB,CB7CB,DB$DBSCPYZTPNF. 	"

"OPUIFS DPOTFRVFODF PG MPPLJOH BU FRVBUJPOT 	"
 BOE 	"
 BU TUFBEZ
TUBUF XJUI 33VC ≈  JT UIBU∇($+ )) ≈  *OUFHSBUJOH PODF XF HFU
∂($+ ))
∂S
=
B
S
= 
∂($+ ))
∂S
(S = 3D) = 
	"

UIF DPOTUBOU B NVTU CF [FSP PS FMTF XF XPVME HFU B EJWFSHFOU TPMVUJPO BU S = 
5IJT JT UIF TBNF BT NBTT DPOTFSWBUJPO 4JODF UIF 3V#JT$0 SFBDUJPO JT OFHMJHJCMF
UIF UPUBM GMVY PG JOPSHBOJD DBSCPO JO BOE PVU PG UIF DBSCPYZTPNF NVTU CBMBODF
6TJOH CPVOEBSZ DPOEJUJPOT 	"
 BOE 	"
 JO FRVBUJPO 	"
 XF GJOE B
TFDPOE FRVBUJPO GPS) BOE $
( һ,һ + L
$
N)$DBSCPYZTPNF − L$N$PVU
( һ,һ + L
$
N)(+ %3C
+
L)N)DBSCPYZTPNF − (KD + L)N))PVU
L)N(+ %3C
−
һ
,һ
L$N$PVU−( һ,һ+L$N)$DBSCPYZTPNF
( һ,һ+L
$
N)(+ %3C
(+ һ,һ$DBSCPYZTPNF
L)N(+ %3C
= 
	"

6TJOH FRVBUJPO 	"
 XF DBO GJOE UIF $0 DPODFOUSBUJPO JO UIF
DBSCPYZTPNF
$DBSCPYZTPNF =
(KD + L)N))PVU((L$N + һ,һ )(+
%
3C
) + L$N$PVU((L)N + һ,һ )(+
%
3C
)
(L$N + һ,һ )(+
7DB,CB
7CB,DB )L
)
N(+ L$N(+
L)N
L$N
7DB,CB
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%
3C
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BOE UIF TPMVUJPO GPS ) JT TFU CZ 	"


$BSCPOJD BOIZESBTF TBUVSBUFE
*U JT QPTTJCMF GPS UIF IZESBUJPO SFBDUJPO UP CF OFHMJHJCMF DPNQBSFE UP EJGGVTJPO
XIFO DBSCPOJD BOIZESBTF CFDPNFT TBUVSBUFE *O UIJT DBTF∇) = 7CB% BOE∇$ = −7CB%  JNQMZJOH
$ = −7CB
%
S + " 	"

) = 7CB
%
S + #. 	"

BQQMZJOH CPVOEBSZ DPOEJUJPOT 	"
 BOE 	"
 UP UIFTF FRVBUJPOT XF GJOE
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3D
(
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$
N)3C
)
+
7CB
%
(
3D − S
)
+
L$N
һ
,һ + L
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N
$PVU
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)DBSCPYZTPNF =
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(
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)
+
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һ
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L$N$PVU
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)
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һ
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$
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( һ,һ + L
$
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)
һ
L)N,һ
$DBSCPYZTPNF
	"

" 3V#JT$0 TJHOJGJDBOU
*G 3V#JT$0 JT TJHOJGJDBOU UIFO UIF BQQSPYJNBUJPO 	"
 EPFTOU IPME *OTUFBE
XF OFFE UP MPPTFO UIF DPOEJUJPO *OTUFBE PG UIF GMVY PG)+ $ PVU PG UIF
DBSCPYZTPNF CFJOH [FSP JU NVTU CF FRVBM UP UIF BNPVOU PG $0 DPOTVNFE JO UIF
DBSCPYZTPNF

∫
%∂($+ ))
∂S
(S = 3D)E4DBSCPYZTPNF
=
∫ 7NBY$DBSCPYZTPNF
$DBSCPYZTPNF + ,N
E7DBSCPYZTPNF
	"

Ӎ3D%(−
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3D
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) =


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7NBY$DBSCPYZTPNF
$DBSCPYZTPNF + ,N
	"

" + # = − 3

D
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7NBY$DBSCPYZTPNF
$DBSCPYZTPNF + ,N
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XJUI " BOE # EFGJOFE BT CFGPSF
" =
( һ,һ + L
$
N)$DBSCPYZTPNF − L$N$PVU
( һ,һ + L
$
N)(+ %3C
	"

# =
(L)N)DBSCPYZTPNF − (KD + L)N))PVU − һ,һ$DZUPTPM(S = 3C))
L)N(+ %3C
	"

8F TUJMM VTF UIF GBDU UIBU UIF DBSCPYZTPNF JT TNBMM BOE TP EJGGVTJPO FRVJMJCSBUFT
UIF DPODFOUSBUJPO BDSPTT UIF DBSCPYZTPNF WFSZ RVJDLMZ 5IF FRVBUJPO GPS )$0−
UIFSFGPSF TUJMM FOGPSDFT UIF SBUJP)DBSCPYZTPNF ≈ 7DB,CB7CB,DB$DBSCPYZTPNF
*G XF EFGJOF UIF GPMMPXJOH
/ = (KD + L)N))PVU((L$N +
һ
,һ
)(+ %
3C
)
+ L$N$PVU((L)N +
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UIFO XF DBO SFXSJUF FRVBUJPO 	"

/−.$DBSCPYZTPNF − 3
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D7NBY$DBSCPYZTPNF
%($DBSCPYZTPNF + ,N)
1 =  	"
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'PS DPNQBSJTPO XIFO 3V#JT$0 JT OPU TJHOJGJDBOU UIF TPMVUJPO FRVBUJPO
	"
 DBO CF XSJUUFO BT
$DBSCPYZTPNF =
/
.
. 	"

8IFO 3V#JT$0 JT TJHOJGJDBOU CVU TBUVSBUFE BOE UIF SFBDUJPO JT DPOTUBOU XF DBO
NBLF UIF BQQSPYJNBUJPO
$DBSCPYZTPNF =
/
.
− 3

D7NBY1
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. 	"

8IFO 3V#JT$0 JT TJHOJGJDBOU CVU VOTBUVSBUFE BOE UIF SFBDUJPO JT MJOFBS JO $0
DPODFOUSBUJPO XF DBO NBLF UIF BQQSPYJNBUJPO
$DBSCPYZTPNF =
/
.+ 3D 7NBY1,N%
. 	"

" 3FBDUJPOT FWFSZXIFSF JO DFMM
8IFO 3V#JT$0 BOE DBSCPOJD BOIZESBTF BSF FWFSZXIFSF JO UIF DFMM UIF FRVBUJPOT
QSFWJPVTMZ VTFE JO UIF DBSCPYZTPNF BQQMZ FWFSZXIFSF
∂U$ = %∇$+ 3$" − 33VC 	"

∂U) = %∇)− 3$", 	"

3$" (),$) =
7CB,DB)− 7DB,CB$
,CB,DB + ,DB)+ ,CB$
	"
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33VC =
7NBY$
$+ ,N
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CVU OPX UIF POMZ CPVOEBSZ DPOEJUJPO JT BU UIF DFMM NFNCSBOF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&RVBUJPOT 	"
 BOE 	"
 DBO OPX CF TPMWFE NBLJOH UIF TBNF
BQQSPYJNBUJPOT BT CFGPSF
" $BSCPOJD BOIZESBTF FRVJMJCSBUFT DBSCPO JO DFMM
6TJOH UIF BOBMPHPVT BQQSPYJNBUJPO UP FRVBUJPO 	"
 TFU CZ CPVOEBSZ
DPOEJUJPOT 	"
 BOE 	"
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∂S
(S = 3C) =  	"
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7CB,DB )
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$BSCPOJD BOIZESBTF TBUVSBUFE
8IFO DBSCPOJD BOIZESBTF DPODFOUSBUJPO JT MPX BOE TBUVSBUFE XF IBWF UIF TBNF
FRVBUJPOT BT CFGPSF
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" 3V#JT$0 TJHOJGJDBOU
'PMMPXJOH UIF TBNF NFUIPEPMPHZ BT JO TFDUJPO "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8IFSF UIF UXP QBSUJBM EFSJWBUJWFT BU S = 3C BSF EFGJOFE CZ CPVOEBSZ
DPOEJUJPOT 	"
 BOE 	"

8F DBO EFGJOF
/ = L$N$PVU + (KD + L)N))PVU 	"

. = L$N
(
+
L)N
L$N
7DB,CB
7CB,DB
)
	"

/PUF UIBU/ BOE. EP OPU IBWF UIF TBNF EJNFOTJPOT BT/ BOE. EFGJOFE
QSFWJPVTMZ 6TJOH UIFTF EFGJOJUJPOT XF DBO TPMWF GPS UIF $0 DPODFOUSBUJPO JO UIF
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5IF FRVBUJPO GPS $0 DPODFOUSBUJPO BTTVNJOH OFHMJHJCMF 3V#JT$0 BDUJWJUZ
FRVBUJPO 	"
 DBO CF SFXSJUUFO
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" 3FBDUJPOT MPDBMJ[FE XJUIPVU DBSCPYZTPNF
8F BTTVNF UIF SFHJPO XIFSF UIF FO[ZNFT BSF MPDBUFE SFNBJOT UIF TBNF TJ[F
5IJT DPVME CF BDDPNQMJTIFE CZ BUUBDIJOH UIF FO[ZNFT UP B TDBGGPME JOTUFBE PG
JODBQTVMBUJOH UIFN
8IFO UIFSF JT OP DBSCPYZTPNF TIFMM UIF CPVOEBSZ DPOEJUJPO BU 3D DIBOHFT UP
$DZUPTPM = $TDBGGPME 	"
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 JOUP UIF GPMMPXJOH CPVOEBSZ DPOEJUJPOT
BU UIF DFMM NFNCSBOF
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5IF WBMVFT PG " BOE # BSF UIF TBNF BT CFGPSF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)FSF UIF DPODFOUSBUJPO PG $0 BU UIF DFMM NFNCSBOF
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5IF TPMVUJPO JO UIF DBSCPYZTPNF JT FYBDUMZ XIBU XF IBWF DBMDVMBUFE CFGPSF JO
FJUIFS UIF DBSCPOJD BOIZESBTF FRVJMJCSBUJOH PS TBUVSBUFE DBTF FYDFQU XJUI PVS
OFX EFGJOJUJPO PG (

$PMPQIPO
5IJT UIFTJT XBT UZQFTFUVTJOH -"5&9 PSJHJOBMMZ EFWFMPQFE CZ-FTMJF -BNQPSU BOE CBTFE PO %POBME
,OVUIT 5&9 5IF CPEZ UFYU JT TFU JO  QPJOU
"SOP 1SP EFTJHOFE CZ 3PCFSU 4MJNCBDI JO
UIF TUZMF PG CPPL UZQFT GSPN UIF "MEJOF 1SFTT
JO 7FOJDF BOE JTTVFE CZ "EPCF JO  "
UFNQMBUF XIJDI DBO CF VTFE UP GPSNBU B 1I%
UIFTJT XJUI UIJT MPPL BOE GFFM IBT CFFO
SFMFBTFE VOEFS UIF QFSNJTTJWF NJU 	Y

MJDFOTF BOE DBO CF GPVOE POMJOF BU
HJUIVCDPNTVDIPX PS GSPN UIF BVUIPS BU
TVDIPX!QPTUIBSWBSEFEV

